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PEEFACE. 



The Aothoe, in writing this text-book, has endeavoured to 
meet the wants of both elementary and advanced Rtndents, 
and he believes that it will be found to contain al! the de- 
Bcriptive geometry which is nanally required by engineering 
and architectural draughtsmen. But while making the boob 
comprehensive, and illustrating it fully, it has not been made 
of an inconvenient size for use in largo claBses. 

The treatment of the subject in this work is slightly 
different from that in any existing books. The problema are 
stated in a more comprchenaive way, and are made to include 
more cases than is usual with other writers. After the 
statement of the problem follows the general solution, which 
is uanally given without reference to any particnlar example 
Next comeB the application of the problem to one or more 
examples. In many cases the stndont may not fully under, 
stand the general solution of a problem until he has worked 
out the example which illustrates it. The advantage of this 
mode of treatment is, that it is more systematic, and enablia 
the student to get a more intelligent and cornprehensive 
grasp of the subject. After working the examples and 
mastering the general solution of a problem, the student is 
better able to cope with any fresh examples wliiuh may come 
before him, than if he had learned the subject from examples 



VI PREFACE, 

The elementary portion of the subject is treated of in 
Part I., and the more advanced portion in Part II. 

A great want which the author has found in existing 
works on descriptive geometry is that of a sufficient number 
of good exercises properly graduated ; he has, therefore, been 
at considerable trouble to collect and devise a large number 
of exercises, and he believes that in no other work of the 
kind will there be found such a good collection. In this 
matter he would record his indebtedness to the examination 
papers published by the Science and Art Department, which 
has done so much to promote the teaching of this and other 
science subjects throughout the country. 

In conclusion, the author would like to impress upon the 
student the necessity of working out all the examples and 
exercises on paper with the drawing instruments, neatly and 
of full size. It is not enough for the student to know how 
a problem is to be solved, he must actually work it out ; 
as very often from the peculiar position of the points, lines, 
or planes, the result is quite different from what he would 
have expected. 

D. A. L. 

Glasgow : November 1883. 
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PRACTICAL SOLID 
;DESCEIPTIVE GEOMETRY. 

PART IT. 



CKAPTER X. 

ADDITIONAL PROBLEMS OS THE STKAIGHT LINE AXD PLANE. 

PROBLEM 70. 

\ To find the angle between a given line and a given plmie. 

Determine by Problem 55 tho projectioua o f a line which 
will pass tlirongh any point, jip', in the given line, and be 
perpend icn lav to the given plane. Find the angle between 
these two intersecting Unos by Problem 23. The complement 
of this angle is the angle required. 

Fop let the given line meet the given plane at the point 
q q\ and let the perpendicnlar from pp' to the plane meet tho 
latter at the point rr'. Since PR is perpendicular to the 
plane, tho angle P R Q will be a right angle and Q B will be 
the projcotion of P Q on the plane. Bat the inclination of a 
line to a plane ia the angle between the line and its projec- 
tion on the plane. Therefore the angle P Q R is the angle 
between the given line and plane, and the ang le P R Q ia a 
right angle ; therefore the angle P Q R is the com plement of 
the angle Q PR. 
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To find ilie angle hetvseea two given interaeeling planes. 

First metluid. Determine by Problem 55 the projeotioni 
of two intersecting lines perpendicular t-o the given plant 
one to eacL. Find by Problem 29 the angle between thef 
two perpendiculars. The snpplement of this angle is 
angle between tbo planes. 

Second method. Let L'MH", L'SN, be the given pUi 
Find iN, the plan of their intersection. Draw ACB 

right angles to I N. WitlJ 
centre I and radii I C an4J 
I N describe the arcs C J 
and N Na. Join L'Nj i 
draw Cn Pj perpendicnlatil 
t-o L'N,. Make CP, eqnrf.l 
to C, Pj. Join Pi A and] 
P, B. The angle A Pi ] 
is the angle between thw 
planes L'MN and L'RN. 

The theory of this c 
fitraction is as follows. J 
is the horizontal trace of a 
plane which is perpendicnlar to the line of intersection c 
the given planes. Thia plane intersects the given planes i 
two lines, A P and B P, the angle between which measures t 
angle between the planes. The lines AP, B P, together w 
AB, form a triangle of which AP, B is the true form. 

In fig. 114a the points A and B, where the line perp 
dicolar to I N meets the horiiiontal traces of the given plai 
are on opposite sides of I N, bat these points may be on 
same side of that line, in which case the angle between 
planes is the supplement of the angle A Pi B. In partici 
cases A B may he parallel to either M N or R N ; in these <x 
the point A or the point B will be at an infinite distance 
from 0. 
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PROBLEM 78. 

To draw the traeet of a plane which shall mal-e a giceii aiKjle 
with a given plane and contain a given line in it. 
Let L'MN, fig. 114rt, be the given plane, and I Nthe plan of 
the line in it which the other plane is to contain. 

Draw A. C perpendicnlar to ? N, meeting the latter at C, 
and the horizontal trace of the given plane at A. With 
I centre I and radii /C and iN deacribe the area C C.j and 
I HN.i. .Toin Ij'N^ and draw Cj P,j perpendicular to L'Nj. 
\ Make C Pi equal to CaPj. 
t AP, B equal to the given ; 
I to meet X Y at R. Join 
I XTt. L'B and R K are 
I the traces of the plane re- 
I quired. 

The theory of this con- 
\ fitniction is similar to that 
I of the preceding pi-oblem, 
I and requires no further 
ftiBxplanation . 

PROBLEM ?9. 

f To draw the trares of a 

plane lehirh shall male 

a given angle with a 

given plane, and contain 

a given line not con- 
tained hij the gioenplane. 

Let L'M N bo the given plane and AB the given line. 
Il^ake any two points, A B, in this lino, and consider them 
e the vertices of two cones whose bases are in the given 
K;plane, and whose slant aides are inclined to their bases at the 
■ ^ven angle. 

~.i is evident that a plane which tonohes these two laswiKi 
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will fulfil the couditiona of the required plane. Also a pla 
which toQchea these two cones will intersect the given plai 
in a line which will be a tangent to the bases of the cones. 

Bebate the given plane with the circles which are the baseif 
of the cones into the horizontal plane. Draw a tangeid 
Cj D, to these circles when in this position. Now rebate tiu 
plane with the tangent npon it back to its former poeitio 
The plane R'ST, containing the lines AB and CD, ii 
plane required. 

PROBLEM 80. 

To draw the traces of a plane whieh shall rontain a gieen j 

have a given inclinaticm, and make a given angle wilh tt' 

gieen plane. 

Conceive a cooe having its vertex at the given point, its 
base in the horizontal plane, and its slant side inclined to its 
base at the angle which the required plane is to make with 
the horizontal plane. Conceive also a second cone having ita 
vertex at the given jioint, ita base in the given plane, and its 
slant side inclined to its base at the angle which the required 
plane is to make with the given plane. 

It is evident tliat any plane which toacbes the first cone 
will have an inclination to the horizontal plane equal to that 
which the reqnired plane is to have. Also that an; plane 
which touches the second cone will make an angle with the 
given plane eqaal to that which the required plane is tff 
make with it. 

Hence a plane which touches both of these cones will 
fulfil the conditions of the required plane. 

In fig. 116, vv' is the given point and L'MN the given 
plane, which is assumed to be perpendicular to the vertical 
plane of projection, v' a' h' is the elevation of the first cone 
and v'r' d' the elevation of the second cone. 

Imagine the surface of the second cone to be pi'oduced 
until it cuts the horizontal plane. The curve of section 
(called the horizontal ti-nce of the cone) will be a 'conic 
section,* and may be foond by Problem 60, Chapter VIII. 



I 
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The following construction, whioh 
p. 9tj, Part I., slightly modified, 
zontal trace of this second cone. Draw 
v' w\ tUe elevation of the axis of the Co 
at S, •o'w' at i' and ■»' d' at/. WitU s' 
radius describe a circle, and through S 
dicular to R'S to meet this circle at Hj 
dicnlar to X Y to meet the plan of the b 



that mentioned on 
for finding the hori- 
R'S perpendicular to 
ne, and meeting X T 
centre and z'f as 
raw S Hj perpen- 
Draw S T perpen- 
i of the cone at T. 




\ Make T h and T k each eqnal to S H:^ ; h and k will be points' 
I on the horizontal trace of the cone. In like manner any 
k number of points on the curve may be found. 

The cone whose aiis is vertical will have for its horizontal 
[ trace its base, which is a circle with a diameter equal to a' V. 

The horizontal traces of all planea which touch the two 
I cones will he tangents to the horizontal traces of these cones. 

K the circle which is the horizontal trace of the first cone 
l.fEill entirely outside the curve which is the trace of the other, 
tfour tangents can be drawn to the two traces, andfoiw ij^njojet. 
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can be foand which will fulfil the given conditions, 
the horizontal traces of the cones cut one another, only t 
tangents can be drawn to them, and in that case only two 
planes can be found to fulfil the given conditions. Again, if 
the horizontal trace of one cone touches the horizontal trace 
of the other internally, only one tangent can be d 
them, and in this case there would only be one plai 
would fulfil the given conditions. Lastly, if the trace 4 
one cone falls entirely within the trace of the other y 
touching it the problem la impossible. 

To find the vertical trace of the plane draw v g i 
to the horizontal trace, meeting X Y at 17. Draw g g' perpx 
dicular to XY, and through v' draw v' g' parallel to X5 
meeting this perpendicular at g'. The Ho 
the point where tlie horizontal trace of the plane cute X Y ■ 
the required vertical trace. 

If the horizontal trace of the plane does not meet t 
ground line within a convenient distance the vertical tra 
may be found as shown in fig. 89. 

Nnte. If the second plane ia perjiendicuJai' to the first, 
the second cone wLU become a line perjiendicular to the first 
plane, and the horizontal trace of the required plane will 
paBH through the horizontal trace of this line and touch the 
base of the first cone. 



PROBLEM al. 

To (iraw iJie prcgectiMts of a liiie mhu-h shaU pass through a 
given point, and meet a, given Uiie at a given angle. 
Determine the traces of the piano containing the given 
point (P) and given line (A B). Hebate this plane with the 
point and line upon it into the horizontal plane, as in Chapter 
IX. Let P] be the rebated position of the point P, and Ai B, 
the rebated position of the line A B. Through P, draw a 
line making with A, Bj an angle equal to the given angle. 
Let this line meet the horizontal trace of the plane at C. 
A line joining with p, the plan of the given point, is the 
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plan of the line reqnired, and if C (.■' be drawn perpendicular to 
X T to meet the latter at i/, c' p' will be the elevation required. 

If the line P, C does not meet the horizontal trace of the 
plane containing the point P and the line A B within a c< 
Tcnient distance, through the point D, where P, C nieeta 
Ai B,, draw aline perpendicular to the horizontal trace of the 
plane to nieet a 6 at ^. Draw d d' perpendicular to X T to 
meet a' h' at d' ; p d, p' d' are the projections of the line 
required. 

If the given angle be an angle of 0°, 90° or 180°, only one 
line can fulfil the given conditions, bat for any other angle 
there will he two lines. 

PROBLEM 82. 
To find the trares of aplane which shall cunlaia a given line 

(A B) and make a ijiven angle with another line (C D). 

Determine the projections of a line, EF, which shall bo 
parallel to C D and meet A B at any point, E, in it. 

Take E as the vertes and E F as the axis of a cone, whi 
slant side is inclined to its axis at an Fingle equal to the gl» 
angle. Pind, as in Profaleni 80, the horizontal traoe of thia 
cone. A tangent from the horizontal trace of A B to the 
horizontal trace of the cone will be the horizontal trace 
of the plane required. Having got the horizontal trace of 
the plane, its vertical trace can easily be found, since \ 
plane is to contain the line A B. 

If the horizontal trace of A B fall outside the cui 
which is the horizontal trace of the cone, there will be two 
solutions of the problem ; if it fall on the curve there will 
be one solution only, and if it fall inside the curve there c 
be no flolntion. 

PBOBLEM 83. 

tTo drain the tn-aces of two planes wM^Jt shall he perpendicJii 
18 another and have given incUnaiionn. 
w the horizontal trace of one plane at any angle 
KT (preferably a right angle), and determine the vw:^v«i.\. ! 
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traoe by Problem 34. Take any point, P, in this plane (prg 
ferably in ita vertical trace), and determitie by Problei 
line to pass through it and be perpendicular to Ibe plane. 
Find Q, the borizontal trace of this line. Determine also a 
cone having its Tertex at P, its base in the horizontal plane, 
and its slant eido inclined at the angle which the second plane 
is to make with the horizontal plane. A line through Q to 
touch the base of the cone will be the horizontal trace of the 
second plane. The vertical trace of this plane is easily foaod i 
from the condition that the plane is to contain the line P Q. 



PROBLEM 84. 

To draw the traces of three plaitee which are each perpM 
dicular to the other two, haoinij given the inrUnatione t 
two of the planee. 

Determine by the preceding problem the traces of i 
two planes whose inclinations are given. Next determ 
the line of intersection of these two planes. The third pla 
will be perpendicular to this line ; its traces may therefore i 
determined by Problem 56. 

PROBLEM 85. 

Qvoen the plan of three inferseeling lines whiph are eaali j 
peiidicvlar to tite other two, io determine an elevaJion-X 

Let oa, ob, c be the plana of three lines which i 
mutually perpendicular. 

It is evident that each line will be perpendicnlar to till 
plane containing the other two, and therefore tliat the plan of 
each will ha perpendicular to the horizontal trace of the plane 
of the other two. Also the horizontal traces of the planes 
containing each pair of lines will pass through the hoi-izoatal 
traces of these lines. 

Jt is clear that the form of any elevation of the 
not be affected by the position of the homontal plane < 



uurizoaiai ^ 

lines vij^^l 
le ofpigl^H 
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JBction, so that we may take it at any level, Heuee wc may 
take any line, a h, perpendicular to c o as tbe horizontal trace 
of the plane containiug .. . _ 

the lines A and B 0. 
Then a perpendionlar 
from i to a o to meet 
c at c will be the hori- 
zontal trace of the plane 
containing BO and 

■CO; and o,c will be the 

' horizontal trace of the 

I plane of AG and 00. 
Produce c o to meet 
h at d, and consider o d 

f as the plan of a line 

I lying in the plane A B. 

f Since CO is perpen- 

► dicular to the plane 

I AOB, the angle COD 

I irill be a right angle. 

Conceive the triangle C O D to revolve about C D nnti! it 

I coinsa into the horizontal plane. The point will describe 
re of a circle whose plan will be a line perpendicular to 
and tbe point will, when bronght into the horizoutal 

Iplane, occupy snch a position on this line that lines drawn 

[from it to C and D will be at right angles to one another. 

3enc6 on cd describe a semicircle to cnt the line oO, 

F perpendicular to odnt 0,. oOi will be tbe distance of the 
point from the horizontal plane containing the points A, B, 
and C. Having got this distance, any elevation whatever of 
the lines can be drawn. In the figure an elevation is shown 




ind lin 



, XY. 
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PROBLEM 86. 
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To determinB the projections of two lines whieh ''shall jj<r«r" 
through two given points, meet on a given plane, jnuJeo 
eq^al angles with that plane, and lie in a plane perpen- 
dicular to it. 

Or, to find a point on a given plaTie such that the sum of its 
distances from two given points shall he the least possible. 
Let P and Q be the given pointa and L'M N the given 

plane. DL'termine tlie projections of a line to pass througb 

Q and be perpendicular to the plane, meeting the latter at R. 

Determine the 'projections of a point, S, in Q R produced. 

snch that R S is eqnii! to Q R. Join^Js, p' s', and find tt', the 

point where tbe line P .-S meets the given plane. 

The lines P T and Q T will lie ia a plane perpendicular to 

the given plane and make oqna! angles with it. Also the 

sum of the distances of the point T from the points P and Q 

will be the least possible for any point in the given plane. 

PROBLEM E 

To determine a line which shaU pass throvtjh a given point dii 
meet two given lines. 
Let P be the given point and A B and C D the given line^ 




First method. Determine the traces of the plat 
tainiug the point P and the line A B ; also the traces of ti 
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plane contflining P and C D. The iine of interaeotion of tliesa 
two planes is the line required. 

Seaoiid method. Determine the projectiona of two lilies, 
PKL and PMN, iutersecting AB at the points K and M. 
Let these lines meet the vertical plane containing C D at the 
points L and N. The line L N will be the intersection of the 
plane containing P and A B with the vertical plane contain- 
ing C D. Let L N meet C D at Q. P Q is the line required. 



PROBLEM 88. 

two straight lines Twt contained i!ii/ the game plane, to 
determine the ahorlest distance between them and the pro- 
jecliom of their common perpendicular. 
Let A B and C D be the given lines. Determine by 
LProblem 52 the traces L'M, MN of a plane which shall con- 
\ tain one of the given lines, say C D, and he parallel to the 
other. Take any point, P, in A B, and draw the projections 
of 3 line, P Q, which shall be perpendicular to the plane L'M N, 
and meet it at the point Q. The length of P Q is the 
shortest distance between the given lines AB and C D. 

P Determine the projections of a line parallel to A B and 
passing throngh Q (this line will lie in the piano L'M N), 
Let this line meet C D at the point B. Determine the pro- 
jections of a line parallel to P Q, passing throngh R and 
meeting A B at S. The lino B S is the common perpen- 
dicular to A B and C D. 

iWo determine the centre and rat/iiis of a sphere the surface of 
which shall contain four given points. 
I Note. No three of the points mnst he in the same straight 
line, and if all four He in the same plane they mnst lie on 
the circnmference of a circle. In the latter case the problem 
is indeterminate, as any number of spheres can be found on 
^^the surface of which the points will lie. 



PKOBLEM 89. 
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Let A, B, C, and D be the given pointa. Detei-mine by 
Problem 56 a plane bisecting the line A B at right angles. 
Since every point in thia plane la equidistant from the points 
A. and B it most coutain the centre of the sphere. In like 
manner the centre of the sphere must lie in the planes 
bisecting B C and C D at right anglea. Therefore the point 
of intersection of three planes mnst be the centre required, 
and the diaiance of this point from any one of the given 
points wiU be the i-adias of the sphere. 

As there are tour given points, six lines cun be got by 
joining them, and the point of intersection of three planes 
bisecting at right anglea any thrae of these sis lines not tyinc 
ill, the same plane will be the centre of the spher 

EXERCISES. 

1. Explain what is meant by the angle betwi 
a piano, and the angle between two planes. How are thj 
angles measured ? What is the name given to the 
between two planes P 

2. The vertical and horizontal traces of a plant 
angles of 50° and 20° respectively with XY. A horizoiq 
line has its plan inclined at 50° to the horizontal tra 
Determine the angle between the line and the plai 

3. Find the angle between X Y and the plane giveo/ 
the preceding exercise. 

4. OnX r taketwopoints, MH, 2^" apart. Klakeanft 
E, M L' eqnal to 60*" and M R L' equal to 40°. L'M i 
vertical trace of a place whose horizontal trace is parallel fl 
L'R, and L'E is the vertical trace of a plane whose horizontal 
trace is parallel to L'M. Determine (a) the angle between 
these two planes ; (J>) the traces of the plane bisecting ti|^_ 
angle between these planes. j^^ 

5. Two planes are inclined at 60° and G5°; their inf^^l 
section is inclined at 40°. Determine the angle betwa^H 

6. Draw a triangle, a 6 c (a & = 2^", hc = 1^", ca= H^M 
abia the plan of a line lying ia a plotte haTiog ae finM^H 
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horizontal traoe, h c being on the groand line. The eleyation 
of ABmnkea an angle of 45° with, the ground line. Draw 
the traces of a. plane to contain A B, and make an angle of 75° 
with the first plane. 

7. A vertical line has its horizontal trace at a point on the 
horizontal trace of a plane which is inclinitd at 50". Deter- 
mine the traces of a plane which shall contain the line and 
make an angle of 70° with the plane. 

8. The plan of a horizontal line makes an angle of 35° 
with the horizontal trace of a plane iuchned at 40°. The line 
is I'S" above the horizontal plane. Show the traces of a 
plane to contain this line and make an angle of 60° with the 
plane. 

9. Explain briefly how you would solve Problem 80 if the 
given point were in the given plane. 

10. Represent by its traces a plane perpendicular to the 
vertical plane and inclined at 40° to the horizontal plane ; 
also a plane making an angle Of 70° with this plane, and 
inclined at 75° to the horizontal plane. 

11. Referring to fig. 103 (Part I.), determine the projec- 
tions of the lines passing through the point pp\ B,nd meeting 
r,he line o i, a'b' at angles of 60°. 

Vi. The vertical and horizontal traces of a plane make 
angles of 35° and 30° respectively with ST. A line, A B, 
lying in this plane has its plan inclined at 30° to X T. De- 
termine the projections of a line lying in this plane and 
making an angle of 35° with A B. 

13. Determine a line inclined at 33°, lying in a plane 
inclined at 50°. This ia the ortho^aphic projection on that 
plane of a line which makes an angle of 40° with it. Deter. 
mine the plan of this latter line and its inclination. 

14. Referring to fig. 103 (Parti.), through j>' draw p'q' 
perpendicular to a'b', and throngh p draw pq perpendicular 
to o6. Determine the traces of a piano containing the lino 
P Q and making with A B an angle of 15". 

15. Determine the traces of a plane which shall contain 
the point P (fig. 103), make an angle of 20° with A B, and 

inclination of 80° to the horizontal plane. 



have 
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16. Two planes at right angles to one another ai 
at 50° and 60°, Represent them hy their traces. 

17. Determine the traces of three planes which 
mutually at right auglea, two of them being incUned at 35° 
and 70° respectively. 

18. The traces of a plane both wake 45° with X Y. Draw 
the traces of a second plane inclined at 60° to the horizontal 
plane and perpendicnlar to the first. 

19. oa, oh, ac are the plans of three lines which form a, 
solid right angle ; the angle &oa is 130° and the angle aoa 
125°. Draw an elevation of them on a gronnd line making 
an angle of 76° with o a. 

20. Each of three lines meeting in a point, 0, ia perpen- 
dicnlar to the plane containing the other two ; two of them 
are inclined at 30", 45°. Show them by a plan and an eleva- 
tion when is 3" above the paper and in the plane of the 
elevation, 

21. L'il, the vertical trace of a plane, makes with X T 
the angle L'M T = 42°, and the horiKontal trace M N makes 
with X Y the angle N M Y = 32°. A point, A, ia 1'5" in front 
of the V.P. and 1-75" above the H.P. Another point, B, ia 2" 
in front of the V.P. and 1'5" above the H.P. The line a a' 
cuts X Y at a point 1" from SI measured towards Y, and the 
line h h' cnts X Y at a point 2-5" from M measured towards 
y. Determine the projections of the lines which will pass 
through A and B, meet on the plane L'M N, and make equal 
angles with the plane. 

22. A hne making an angle of 35° with X T and meeting 
it at the point M is both horizontal and vertical trace of a 
plane. A point. A, has its plan 2^" below and its elevation 1" 
above X Y, a a' passing through the point M. Another point, 
B, has its plan and elevation coinciding at a point 1" below 
X Y and IJ" from the line a a'. Through the points A and 
B draw lines to meet on the plane and make equal angles 
with it, 

23. Two lines are inclined at 30° and 40°; they are i 
apart where they are nearest to one another, and this line Q 
2" is inclined at 28°. Show plan and elevation. 
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24. Alme,AB, meetaXTai A. The angle i'AT = 70°, 
and the angle 6 A Y =; 30°. A seconil lice, D, meets X T 
at C. TliB angle d'C T = 60°, and the angle dCY= 70°. 
Show the projectionB of the common perpendicnlar to A B 
and C D, and find its length. Make A C^3". 

25. State in words how you woald solve the following 
probiem. Given the projections of two straight lines and the 
traces of a plane : to draw the projections of a line to inter- 
sect each of the given lines and bo perpendicular to the given 
plan.. 

26. Determine the projections of the sphere on the surface 
of which the following four points are situated ; — -A i" in front 
oftheV.P.and 21" above the H.P. ; B2" in front of the V.P. 
and 2" above the H.P. ; C 2f' in front of the V.P., and ^" 
above the H.P. ; D l^" infront of the V.P. and 3^" above the 
H.P. The feet of the perpendiculars from 6, c, and rf on X Y 
are at distances 2", |", and ^" respectively from the foot of 
the perpendicular from a on XT, all measured in the same 
direction. 

27. The plans of two lines contain an angle of i:0°. 
The lines themselves are at right angles, and one of them is 

_ inclined at 27°. What is the inclination of the other p 

L 

^VBb draw the prf^edions of a solid, having given the ineUnatione 

^B of mieface, and of a line in that face. 

k The general solution of this problem is well illustrated by 

Example 3. Examples 1 and 2 are aimple, and for their 
Relation do not require the whole of the construction required 
for the general case. 
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PROBLEM £ 




DESCRIPTIVE CiEOMETRY. 

Example 1. A right primn 2" long has a square ofiy gide 
for ita base. To draw a plan of this solid when the base is in- 
clined at 50°, and cue side of this base is inclined at 20°. 

First draw by Problem 71 tbe plan abed, and elevation 
a'b'c'd' of tbe square of H" side, wbicb is tbe base of tbe 
prism, when its plane is inclined at 50° and one aide at 20°. 
From a', b', c', and d' draw lines a'e', b'f, c'lf, d'h', %" long, 
perpendicular to L'M j these lines will be tbe elevations of the 




long edges of tbe priam. From tbe points e', /, g\ h' draw 
pendiculars to X Y to meet lines throngb a, b, c, i 
to X T. efg k will be tbe plan of the upper end of th« 
priam, and abed will be the plan of the lower end, whili 
tbe lines me, 6/ eg, d h, will be the plana of tbe long 

Ekample 2. A square pyramid, side of base 1^", 
li", luzs ils base inclined at 60°, and one side of that beue 
dined at 30°. To draw its project ions. 

As in Example 1, first determine by Problem 71 tbe plan. 
abed, and elevation a'b'c'd' of the square which is the base of 
the pyramid when its plane is inclined at 60°, and one side at 
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30°. Next determine the projections pp' of the foot of the per- 
pendicnlar from the vertex of thepyra.midon toite base. The 
foot of this perpendicular will in this case be at the centre of 
the base. 

Through p' drawy'u' 1^" long and perpendicnlar to L'M. 
From «' draw v'v pcrpendicnlar to X T to meet p v parallel to 




ipletes the plan of 
;', and d', this will 



X r at 11 ; join v with a, b, c, and d ; this 
the pyramid, and if v' be joined with a', 
complete an elevation. 

Of conrae from this plan and elevation any number of 
elevations may be drawn. 

BxuiFLG 3. To draw the plan of a right hexagonal prism 
■when ona recta/ngular face is inclined at 60°, and a long side of 
that face is inclined at 30°. Length of prigm 2", base 1" side. 

As in the preceding esamples, determine by Problem 71 
the projections ahcd, a'h'c'A' of the rectangular face when its 
plane is inclined at CO", and one long side at 30°, 
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A|B|CiD| is the rectangalar face brought into the hori- 
zontal plane hy tnming its plane about its horizontal traoe. 

From the hexagon tii'// complete the plan Oi^i ofthe prism 
when resting with its face A B C D on the horizontal plane. 




From ei draw e| e^' perpendicular to X Y. With M as centre 
and M e^' as radius, describe the arc e^'e^' to meet L'M at 63'. 

Draw ej'e' perpendionlar to L'M, and eqnal to the distaQce 
of e,' from X, T,. From e' draw e'e perpendicular to X Y to 
meet a line throagh Cy parallel to X T at e. 

Proceeding with all the angular points of the prism as 
jaat explained for the point E, the required plan is obtained. 
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PROBLEM 01. 



To draw the projections of a eoUd having given the inclinationa 

of IvDO intw^ecting lives connected with it. 

Determine by Problem CO the plane containing the lines 
whose inciinationa are given. Bring this plane with the lines 
upon it into the horizontal plane by turning it about its hori- 
zontal trace. On these lines thus brought into the horizontal 
plane complete the plan of the solid, and proceed exactly as 
in Problem 90. 

PEOBLEM 'J:;. 
Given the heights of three points in a BoUd: to draw its pro- 

DeterraiuB by Problem 7-4 the plane containing the three 
pointa, whose heights are given. Bring this plane with the 
points npon it into the horizontal plane by turning it about 
its horizontal trace. About these points thus brought into 
the horizontal plane complete the plan of the solid, and pro- 
ceed exactly as in Problem 90. 
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PROBLEM 93. 

ven the inclinations of tlie base, and one face of a solid, thehase 

and the face being at right angles to oiin another : to draw its 

}>rcgections. 

First deturmiue L'MS, the plane of the base of the solid, 
M N, the horizontal trace, being perpendicular to X T. 

Nest determine by Problem 80 a plane, L'P N, perpen- 
dicnlar to the plane L'M N, and inclined at an angle equal to 
the inclination nf the face, which is given. 

Find LN, the line of intersection of these two pianos. 
Now bring the plane L'M H with the line LN upon it into 
the horizontal plane. On the line thus brought into the 
horizontal plane constmct the figure, which is the base of 
the solid, and complete the construction exactly as in Problem 



DKHCRirTrVE GEOMETST. ' 



PROBLEM 94. 



(Jieen the indinaUont of two faces of a sol id which are not at right 
anghi to one anollier: lo draw the projections of the snltd, 
I>«iiot« the faccB whose inclinations are given by A and 
1), A (lonotinEC thti liftse if one of the two faces ia the base. 

Dutormina tlie plane L'M N of (ho face A, the horizootal 
tnet! M N being porpcndical^vc to X T. 

Hexl iletormino by Problem 80 a plane, L'PN, having an 
IncHnation eqnal to that of the face B, and making with the 
plane L'M N nn angle equal to the angle between the faceR A 
and II. 

Find tho interHection, LN, of these two planes. Now 
hTinn the pinne L'MN, with the line LN upon it, into the 
horizontal plane by turning it about its horizontal trace, M N. 
On the line thus brought into the horizontal plnne con- 
struct the figure which forma the face A; that side of the 
f«uo A whiuii ib adjacent to the face B being made to coincide 
with the line. The remainder of the constrnction 
tho wimo as in Problom 00, 



EXERCLSES. 
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1. Thoplaneof onefoceof acubeof 275'' edge is indid 

at 50", and one edge in that plane is inclined at 25°. ~ 

the plan of the solid, and an elevation on a vertical plane 
parallel to a diagonal of the cube. 

2. Draw the plan of a square pyramid (base 225" side, 
axis 3") when its base is inclined at 45" and one edge of that 
baBO at ;50°. 

3. Draw the plan of a square pyramid — side of base 2", 
axis 2|" — when the plane of its base ia inclined at 40° and 
one diagonal of that base is inclined at 30°. What is the 
inclination of the other diagonal ? 

4. Draw the plan of a cnbe when the plane containing- 
two of its diagonals is inclined at 30" and one of these 
diagonals ia inclined at 20°, Edge of cube 2". 

5. A right pyramid 3" high has for its base a regnlar 
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pentagon whose diagonal, A C, is 2*5' '. This base is inclined at 
50°, and A C is inclined at 30°. Draw the plan of the Rolid, and 
determine the horizontal trace and inclination of the face V A B. 
tj. Draw the plan of an ocfahedron of 2"5" edge when the 
plane containing two diagonals is inclined at 60° and one of 
them at 35°. 

7. A right prism has for its ends equilateral triangles of 2" 
side and is 3" long. Draw the plan of the prism when one of 
its sides is inclined at 40° and a long edge of that side at 20°. 

8. Draw the plan of a pentagonal pyramid when one of its 
triangular faces is inclioed at 60° and one long edge of that 
face is inclined at 50°. Side of base 1'25", axis 2'5". 

0. The plane containing one edge of a tetrahedron and 
bisecting another is inclined at 50°, and the former edge is 
inclined at 30°. Draw the plan of the solid, the edge being 3". 

10. The two ends of one edge of a cabe are 1'8" and 2'4" 
respectively above the H. P., and a face containing that edge is 
inclined at 70°. Draw the plan of the solid. Edge 2'5". 

11. A square prism (aide of base 2", height 2^") has the 
diagonals of its base inclined at 30° and 45°. Draw its plan, 

12. A prism whose length is 3" has a hexagonal base of 
1"5" side. Draw a plan of this solid when two adjacent aides 
of the base are inclined at 30° and 20°, and an elevation on 
a vertical plane parallel to that side of the base which is 
inclined at 30°. 

13. The base of a right pyramid is a pentagon of 1'6" side, 
and the axis of the aolid is 3" long ; draw its plan when two 
adjacent sides of the base are inclined at 20° and 35°, 

14. A right hexagonal pyramid has two of the diagonals 
of its base inclined at 20° and 30° ; draw its plan. Side of 
base 1'5", axis 2-5", 

If). An octahedron of 3" edge baa two of its diagonals 
inclined at 30° and 37°. Draw its plan. 

IG. Draw the plan of a cube of 2" edge when two of its 
diagonals are inclined at 25° and 35°. 

17. One diagonal of an octahedron of 3" edge is inclined 
at 30°, and an adjacent edge of the solid at 40°. Draw its plan. 

18. Draw the plan of a pentagonal prism when. o^%%^'a cS- 
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thebaseiainclinedat SS^aodaD adjacent long edge of the solid is 
inclinedat 50°, Sideofpentagon 125". Lengthofp 

19. A tetrahedi-on of 3" edge stands with one i 
the hori?ontal plane, bo that the plana of two ed^s which 
meet at that comer are 1*9" and I'i" respectively. Draw the 
plan of the solid. 

20. A square of S'S" side haa three corners at 1-7", 2-4", 
and 3'8" respectively ahove the horizontal plane. This is 
the base of a right pyramid whose axis is 3-25''. Draw the 
plan of the solid. 

21. A cnbe of 2*5" edge haa the planes of two of its faces 
inclined at 50° and 70°. Represent it by a plan and an 
elevation on a plane parallel to a diagonal oi the solid. 

22. A prism 3" long has an eqnilateral triangle of 2-3" 
side for its base ; draw its plan and an elevation of it when 
the planes of its base and of one face are equally inclined at 
G0° to the H.P. 

2'-i. The plane of one face of a regular tetrahedron (edge 
2'5") is vertical, that of another face is inchned at 50° to the 
H.P. Show the solid by a plan aud elevation, 

24. A right pyramid, having a regular pentagonal base of 
1" side and a height of 2", lies with the base and one tuce 
inchned at 50°. Draw its plan. 

25. Draw a rectangle, abed (ab = cd^ 3^" ; be^da 
= 1}"); ail and ciiare the plana of the diagonals of two 
opposite faces of a cube, be and da are the plane 
edges. Complete the plan of the cube. 



CHAPTER XII. 
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As the projection of a line oi 
the line ia parallel to the plan 
making ' working ' drawings c 



ilans of tl^H 



]y shows its trne length when 
) of projection, it is general iu 
F an okgect to amngo the latter 
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SO tliat as many of its lines as possible are parfillel to &t leaat 
one of tho co-ordinate planes. Tlie object is then in a 'simple 
position,' 

Now the stnclent will have observed, in working the 
problems in Cbapter III. on the projection of solids io simple 
positions, that the plan or elevation taken separately gave u 
very jncompbte idea of the form of the object represented. 
Bnt on coming to Chapter IV. he would notice that when the 
solid was tamed over, ao that its faces were inclined to the 
plane of projection, a single projection then gave a very fair 
ideaof theformof the solid. Thus in fig. 51 the elevat on 
shows very well that the solid represented ia a aqnare prism 

In like manner if we were to draw the plan of a 1 onse 
supposing the latter to be, say, hung np by one corner th s 
plan would give a better idea of the forai of the house than i 
simple plan and elevation when it was standing on the ground 
with one face parallel to the vertical plane of projection. 

Such a drawing would apparently be open to the following 
objections: (1) If some simple rule cannot be given for 
finding the true lengths of the lines by direct measurement 
from the di-awing, the latter would be useless as a ' working ' 
drawing, unless the length of each line were marked in 
figures on the drawing. (2) If the only method of making 
it was by the rules of Chapter IV. its execution would be too 
laborious. 

The object of this chapter is to show how these difEculties 
may be overcome. 

The lengths of the plans of all linea which are inclined at 
the same angle to the horizontal plane will bear the same 
ratio to the true lengths of these linea. Thus all lines which 
are inclined at C0° will have their plana exactly half the trne 
lengths of the lines. 

Now, as most objects of which working drawings have fo 
be made have their principal lines parallel to three directions 
which are mutuaUy perpendicular, it ia evident that such 
objects may be ao placed that their lines will be equally 
inclined to the horizontal plane of projection, and therefore 
their plana will bear the same ratio to their true lengths, a^d. 
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therefore the lines may be measured directly in the plan by a 
suitable scale ; thus the first difficulty is removed. 

When three lines, which are mutaally perpendicalar, are 
equally inclined to the horizontal plane, their plans will make 
120° with one another. If therefore the lines of a solid are 
parallel to three lines which are perpendicular to one another, 
their plans will be parallel to three lines or axes which make 
120° with one another. From this it is clear that the second 
difficulty is also removed. 

When a solid is projected as above, the projection is said 
to be Isometric, 

PROBLEM 95. 

To construct an isometric scale. 

Let oa, oh, and o c be the plans of three lines meeting at 
O, which are mutually perpendicular ; it is required to find 
the ratio of A to o a. 

Draw a h perpendicular to o c. On a h^ as diameter, de- 
scribe a semicircle cutting o c at Op Oj a is the true length 
of the line of which o a is the plan. The truth of this con- 

FlG. 122. 





^,-0. \ \ ^ \ V iv* 



OrJirary Scale 



m 



B 



struction will be evident if the student refers to Problem 85 
on the projection of a solid right angle. 

It is evident that the angle aOiO is 45°, and that the 
angle O^ao is 16°. Hence the following construction for 
drawing an isometric scale. 



ISOWETIUC I'ROJECTIOX. 



25 



Draw an ordinary scale, A B (fig. 123). At A make tbe 
angle B A C = 15°, and at B make the angle A B C = 45°. 
Throngb the divisions of the scale A B, draw lines parallel to 
B C to meet AC. AC will he the reqnircd isometric scale. 

If ad and 0,d (fig. 122j be denoted hy 1, Oin will be 



denoted by v'2, and on hy 



V3' 
V2_ 



teace the trne 
s n/3 is to v'2. 



) to ita isometric projection 



PROBLEM 96. 

To draw the isumelric }iiiijection of a rectangular solid. 

Example. A rectoMgular pritm 3" long, 2^" broad, and 1" 
thieh, with a panel in the txatre of one of its larger faeee 2" 
long, li" broad, and ^" det^. 

Fig. 124 shows how to proceed in practice. If one of 
the isometric axes he taken perpendicular to the edge of the 
T-square as shown, then the others will make 30" with that 
edge. Hence all lioes may be drawn with the 30° set-sqnare. 
The lines a e, hf, Ac, are drawn at right angles to the edge 
of the T-square with the right angle of the set-sqnare, while 
« 6, he, Ac., are drawn with the acute angle of the set-sqnare 
as shown . 

The dimensions of the prism are marked off along the 
lines which make 30° or 00" with the edge of the T-sqnare. 
Thus (I i = 3", ad = 2^", and at^^^V, meamtred from the 
ieomeirie et-ale. 

1£ we mark off a 6 = 8",«iie= 2^", and ae = l"from an 
^mtdinary gcale, the projeoyMMMold be of the correct prow 
^Bb, bnt would be tbab ^^^^^Btfu^er than the real o 
^fl ratio of V 3 : x^i. 1^^^^^^^^ latter method i*'' 
emeasored willi 
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a i and 6 c, and the edge nearest to b i 
■measured in a direction parallel to ah; 




i V fiwm it, 
1 like manner tha 




edge nearest to a 6 will be ii" from the latter ineamred Al 
direction parallel to h c. Having got the directions of t 
edges of the panel, ita projection may bo completed i 
same way aa the projection ot the prism in which it is out. j 



PROBLKiC 07. 

To determine tlte isometric projection of an objeol wh'ch is 

entirely rectangular. 

Strictly speaking an object which is not rectangnlar, or 
rather which has not each of its lines parallel to some one of 
three directions, cannot have an isometric projection, becanse 
snch a solid cannot be placed so that all its lines are equally 
inclined to the plane of projection. A triangular piism, for 
instance, cannot, strictly speaking, have an isometric projec- 
tion. Now an object may only be in part rectangular. This 
part may be drawn as in the preceding problem, and we 
have now to show bow the projection of the object may be 
completed so as to show the non-rectangnlar part. 

£UJ1P1.E 1. A cube of%" edge Jms its top edge» beveUed off 
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ni an angle of 30°, lo tJiat the top face hecomes 1" square. To 
draw ilg isometric projaction. 

We first draw tlie complete cube by tbe preceding problem 
as shown in fig. 125, the top part being dotted. 




In tbe centre of tbe projection of tbe npper face we then 
pljice the projection of the aqnare of 1" side. 

The sloping faces will meet the vertical faces of the cube 
1 horizontal lines, whose distance from the top or bottom of 
the cnbe will be got from the elevation of it in fig. 126. In 




fig. 125 cih ia made equal to a' b' in fig. 126. The rest of the- 
construction will be evident from an inspection of the figare. 

Example 2. To draw the ismnetric projection of a right 
hea^agonal prism ; side of base 1", length 2", 

The hexagonal prism may be divided into two triangular 
prisma and a rectangular prism. Fig. 128 shows the base of 
the hexagonal prism, the rectangle ai d^^ ia tha basft lA 
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H rectangular prism jnst mentioned, and the triangles 

H -a, Ci /i, are the bases of the triangalar 

H -draw the iaometric projeetion adhl ai the 

H Through the middle points n, vi of a e and I il dra 

V make inc ^ wi, c, and «/^ "i/i- Join 6 c, f iZ, ef, and /* 

Draw c p parallel to b h, and li p parallel to h c, and join p k. ' 

Draw fq parallel to n g, and g q parallel to af, and join q I. 

This will complete the isometric projection of the prism. Bnt 

it must be remembered that it is only those lines which are 

parallel to an isometric axis, snch as a b, fe, 6 iZ, or fc h, ■which 

are isometrically projected, and which can be measured with 

iin iaometric or with an ordinary scale. Thus 6 c is not eqnal 

io a b, although the lines of which they are tbe projectiooi 

are really eqnal. 

Example 3, Fig, 129 is tbe isometric projection of thn 
corner of an Oxford frame. This the student should dram; 




fall size to the dimensions marked on the figure, Nolkin 
ntnet be copied from the figure. Only those lines which are I 
seen need be shown. The dotted lines ai-e coustvuction lineB. J 
The student tciU notice that the object is made up of portionftfl 
■of rectangular prisms which intersect each other at righfij 
angles, and that portions of tbe edges of these are bevelled o^ 
like the cube in Example 1. 
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PROBLEM 98. 



To draw ihe projection of a curved line mt the surface of a solid 

which is isontetrically projected. 

"We will illnatrate this Problem by tbe following example. 

Example. A cube of'2" edge Im» a circle ingcrihed in, each 
of thrp.0 of He faces ; to draw its iaumelric projeotion. 

The iaometrio projection of the cube may be first drawn- 
Then to draw the projeotion of any of the circles, which we 
know will be an ellipse, we may proceed in one oi' other 
of two ways, first, we may determine the projectiona ol 
nnmber of poicts on the circle, and then draw a fair cm 
through them. Second, we may determine the axes of tho 
ellipse, and then draw the curve by any of the rules for draw- 
ing ellipses. 

Taking the first method, we first draw a eqcare, fig. 130, 
equal to one face of the cnb^, and on this draw a nnmber of 
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Ijinea parallel to one side of tbe square to cut the inscribed 

I circle as shown. Aleo draw a line throngh the centre at 

right angles to these lines. We then determine the isometric 

projection of these lines as shown in fig. 131, which shows 

this method applied to two of the circles. Tbe rest of tbe 
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oonstmction ia that the diatauces op, hq, cr, &a., ir 
are made equal to It I pi,'6i gj, C] ri, Ac, respectively, ii 
then a fair curve drawn through the points j) g r, 
termines the required ellipse. 

If an isometric scale is naed, the distances in flg. 131 v 
be measured with that scale, while those in fig. 130 \ 
measured with an ordinary scale. 

No isornetric scale has been used in any of the figures ( 
this chapter. 

Taking the second method which is shown applied to the 
third circle, the axes of the ellipse lie on the diagonals of the 
projection of the face of the cube. And if an isometric scale 
is used, the major axis m n will be equal to the diameter of tfad 
circle, and the minor asis kl will be to tiie major axis 1 
^V3 : 1, i.e. asl ; VS. 

A diameter of the ellipse parallel to an isometric I 
called an isometric diameter, the half of an isometric diamete 
being an isometric radius. 

Aji isometric diameter of the ellipse ia to its major a 
the ^/2 : V3. 

Heuce we have the proportion : — 
Major axis : isometric diameter : minor axis:: V3 : -/"i ; 1 1 



r as 1 



. ^ . J_ 



a 1 :■ ^ ,. 



: iV:!. 



Stating this in another way; If the major axis be denote 
by 1, the isometric diameter will be denoted by ^^0 and t 
minor asis by ^\/3. 

Extracting the square root to three placos of decimal^ 
these expressions become 1, ■SIO and 'S?? respectively. 

The above proportion is true whether an isometric soal^ 
is used or not. 

If an isometric scale is not used, then the major axis of the 
ellipsewill begreaterthan the diameter of thecircle, and theratio 
of the one to the other will be as s/3 : ^/2, or as !i s/0 : 1. 

Denoting the diameter of the circle by 1, the raajoi 
denoted by JV6, the isometric diametor by 1, and the minm 
axis by ^^2. Extracting the sqaare root, these nambc 




I 
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become, correct to threo places of decimals 1, 1-2-li, 1 and 
■707 respectively. 

In Axometric 'Projection the three principal linea or axes of 
ft rectangular solid are not equally iaclined to the plane of 
projection, and although all those lines which are parallel to 
one axis have their projections drawn to the same scale, those 
which are parallel to another axis will have their projections 
drawn to a different scale, Thus in the axometric projection 
of a rectangular box one scale would be required for measuring 
its length, another for its breadth, and a third for its depth. 
These throe axometric scales are determined in a manner 
eimilar to that for the isometric scale shown in figa. 122 and 
123. Of course the angles at A and B, fig. 123, will not 
necessarily be 15° and 4ii°, but must be found by the con- 
struction shown ia fig. 122, *'. e. the angle at A ; fig. 123 must 
be made equal to the angle 0, a o, fig, 122, and the angle B 
equal to the angle <i 0, o. 

It will be observed that isometric pi-ojection is just a par- 
ticular case of axometric projection. 



EXERCISES. 

t right sqnare prisma 1^" long have their bases 
coinciding witb the faces of a cube of |" edge. Draw the 
isoraetrio projection of the solid formed. 

On each face of a cube of 1" edge stands an equal 
cube. Make an isometric view of the solid formed by these 
seven equal cubes. An isoraetrio scale is not to be used, 

3. A box without a lid has the following dimensions out- 
side—length 6", breadth 4", depth 2i". The sides and 
bottom are i" thick. Draw an isometric view of the box. 

4. Draw an isometric projection of the steps given in fig. 
57, p. 46, Part 1, 

5. A sketch with, dimensions is given of the pieces for a 
mortice and tenon joint in woodwork (fig. 132). Draw an 
iaometric projection of these pieces. Scale ^. 
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6, A wooden box has fcbe following dimeosiona outside 
when the lid is shnt— leaRth 12", breadth 8", depth 5". Th& 
depth of the lid outside is 1|". la the interior of the bos 
there is a. tray of the Bame length and breadth aa the inside of 
p,„ ,„ the box, and having a total 

depth ofl", its upper anrfape 
being ^" above the top edge 
of the box. This tray ia 
divided into six eqnal com- 
partments by one partition 
along its length and two 
across its breadth. The 
wood of which the box is 
made is h" thick, and all 
the parts of the tray are |" 
thick. Draw an isometric 
projection of the whole when 
!s to the foot. 

agonal prism. 



■t'' 


if- 




b 




VAVA. 





the lid is 



0°. Scale 4 inchi 

7. Draw the isometric projection of 
Side of base 1^", axis 3". 

8. A square slab 2^" x 2^" x 1" haa a hexagonal boh 
through it. The side of the hexagon ia 1", and one side 
parallel to a side of the square. Draw an isometric projeoi 
of the solid. 

9. Make an isometric projection of the dovecot shown 
fig, 4, p. 5, Part I., making it three times the 
Omit the vertical post supporting the cot, 

10. Draw the isometric projection of the solid described 
Exercise IS, Chapter III. 

11. A small cupboard, having one dooF, has a height of 
24", a width of 20", and a depth of 12", ontaide meaBurement 
when the door is ahnt. It stands on four lega, IV B<]uar6 and 
3" long. The interior is divided into four eqnal compartments 
by three shelves, J" thick. Into the bottom compartment 
there fit two drawers, separated by a vertical partition, ^" 
thick. The thickness of the wood for the drawers is, for the 
front y, for the rest §". The sides, bottom, and back of the 
cupboard are ^" thick. The top is f " tliick and projects ^" ht 



Jioie 
idei^^ 

led^^H 
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the aides and front (the door being ahnt). The door is ^" 
thick and is stiHened by two croaa bars on the inside, 2" 
broad, V thick and li" shorter than the width of the door. 
The front of the drawers when shnt ia in the same plane as 
the front of the shelves, which are 1" behind the outside of 
the door when the latter is shut. Draw an isometric projec- 
tion of the cupboard when the door is open 90°, and one drawer 
is about half out. Make the projection so as to show aa mnoh 
of the interior as possible. Scale \. 

12. An open wooden box is in the form of the fruBtrura of 
a square pyramid standing on the amallef end. The upper or 
larger end is 2 feet sq^uare, the lower is 1 foot 3 inches square, 
outside measnrement. The depth is 2 feet 3 inches, and the 
thickness of the wood is 2i inches. Draw its isometric 
projection. Scale \. 

13. A circular raaas, 2 feet diameter and 4 inches thick, has 
a hole through its centre 8 inches square. Draw its isometric 
projection. Scale ^. 

14. A cylindrical slab, 3" diameter, and 1" thick, is pene- 
trated by a square prism 3" long, having a base of 1^'' side. 
The axes of the solids are in the same straight line and their 
centres coincide. Make an isometric projection of the solids. 

15. An iron stove is in the form of a square prism, 2' 3" 
high, the top being 1' 9" sqaare. It is supported by four 
legs at the corners, 1' long and 2" square. At the top is a 
circular hole 1' G" in diameter, and in the middle of one side 
is a rectangnlar opening, 1" high and 9" wide. Draw an iso- 
metric projection of it. Scale -,'u. 

N.B. — The thickness of the metal may be neglected. 

16. Draw in isometric projection the solid described in 
BTciae 22, Chapter IV. 

17. Three straight lines meet at a point a, and form with 
one another angles of 11.')°, 120°, and 125^ These are the 
plans of three edges of a cube meeting at the solid angle A. 
Complete the plan of the cube, it having an edge of 3''. 

tl8. Make an axometric projection, of the pieces of wood 
own in the figure to Exercise 5. The projections of the 
It. D 



meinc 

^N■.] 
irci. 
17 



horizontal asea 
vertical axis, 

19. Draw an 
tioDod in Kxerci: 
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vith tLe projection of i 



asometric projection of tlie cupboard a 
e 11. The projections of the axes to be thi 



CHAPTER Xni. 

HOKIZOHTAL PROJECTION. 

In Chapter I. it was stated that two projeotiona of an object 
were required to completely represent it. In the preceding 
cbapl«r it bas been shown that when the solid ia rectangular, 
and placed In a particular position, one projection is sufficient. 
In the present chapter will be explained another method 
representing objects by one projection. 

If the plan of a point is given, and also its distance ft 
the horizontal plane, the position of the point is fixed, 
if the plan of a straight line is given, and the distances of 
points ia it from the horizontal plane, as much ia known al 
the line as if a plan and elevation of it had been given. 
In the ' horiKontal projection ' of a point, its plan is 
and its distance from the horizontal plane stated by a number 

or index ; thus, a^ denotes that the point whose plan is a is at 
a distance 8 units above the horizontal plane. If we wish to 

denote that the point A is 8 units below the horizontal plane, 

we mark the plan thus, a^^. The negative, or minus sign, 

before the index 8 shows that the point A is below tho 

horizontal plane. 

A line, A B, is represented in ' horizontal projection ' by its 

plan ab; the points a and h being indexed to show the heights 

of the points of which they are the plans. 

Scale of Slojie. — We have already shown that planes may 

be represented by their traces on tho co-ordinate planes, hi 



id of 
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3 are shown by their ' scales of 



I 




On 



horizontal projection plar 
alope.' 

In fig. 133, a 6 is the scale of slope of the plane L'M N. 
It will he noticed that the scale of slope consists of two 
parallel lines drawn at right fu;. laa, 

angles to the horizontal trace of 
the plane, and across these a 
namher of equi- distant lines 
parallel to the horizontal trace 
of the plane, the whole resem- 
bling an ordinary scale. 

The numbers on the different 
points of the scale denote the 
distances of these points from the horizontal plane. 

It will bo noticed that one of the two lines of the scale at 
right angles to M N is thicker than the other — Ihat one hsmg 
thicker wtiieh is on the left-hani} side of a person ascending tlie 
plane. 

The Unit for the Indices. — In stating the distance of any 
point from the horizontal plane, of course any unit might be 
taken, bat in all the problems and exercises of this chapter 
the unit will he -jV^h of an inch, unless some other unit ia 
so that an index 25 denotes that the point is y^ths, i.e. 
'5" above the horizontal plane. 

Most of the problems which we have discassed on points, 
lines, and planes, in the preceding chapters, have correspond- 
ing prohloniB in horinontal projection ; hut as the principles 
employed in their solution are generally the same in both 
will make a selection of a few problems only, ao as 
illufltrato the method of horizontal projection. 



PROBLEM { 



I of a line to determine its tnte length, i 
rismital trace. 



n the figured plat 
elination, a 
a^ tia is the given plan, 
From a and b draw perpendiculars to a b, and make them 
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respectively equal to the indices of a and h. The line A, B(| 
joining the tops of these perpend Jculara will have b 

Fir:. 131. equal to the real length of A B. J 

Theanslebetwef 
a b will measure the inclination 
of AB. 

The point where A, B, meet 
a 6 is the horizontiil trace of A B J 
The true length aud inclina^J 
tion of A B may also be found by drawing a perpendicular b V^ 
equal to the difference between the indicea of a and I 
joining a with P. In the esample shown in the figure, bT 
would be i) units long. 

It 13 evident that the index of the horizontal trace of ■ 
line will be 0, 

If one of the indices should be positive 
negative, the perpendiculars muat bo drawn o 




and the othea 
opposite ei 



PROBLEM 100. 

In the Jignred plan of a line, to (htermiv^ a point having a given 
index ; aho the index of a given poiitt. 

a« ii3, fig- 134, is the given plan. 

Proceed bb in the preceding problem to determine the lina 
A, Bj. Make IQ equal to the given index (in this case 6'5), 
draw Q C| parallel to it I, and Ci c perpendicnlar to a &. c is 
the point required. 

To determine the index of a given point, c, we proceed as 
before, and determine the line A| Bj. Then draw c C, per- 
pendicular to at to meet A, B,. The length of c Cj ia the 
index required. 



PROBLEM 101. 

ThTough a given point to draw a line parallel to a given line. 
Let ag hg be the given line, and Cj the given poiat. 



^^^^^^ 


^^^^^^^^^^ HOKIZONTAL FliOJECTION. 37 


^H TbroDgh c draw a line parallel to a b. Make cd — ab. 


^n%e index of d will be 7 greater than .:i, i.e. 12, becauae the 


^Kadex of & is 7 greater than that of a. no. 13s. 


^^ If we had produced the line c d y^'-^ 


^Hin the opposite direction, making ^^ 


^^kpe=-ha, then the index of e would y'^^'' y^"^' 


■^le 7 less than that of 0, because the <f^ ^/^ 


^^^dex of a 18 7 loss than that of 6. " ''s 


^KBu t the index ofc is onlr 5. what then must be the index of e ? 


^^n?he student who ia familiar with elementary algebra will at 


^^nmce see that the index is —2. This will be clear to anyone 


^H&om the following reasoning: C is 5 units <i£o<.'e the horisontal 


^Vplane, if therefore the point E is ? units below C, it must be ' 


^Ks units below the horizontal plane, but it has already been 


^^ stated that dietancea fcefoid the horizontal plane are prefixed 


by the negatiTe or minus sign ; hence the index of e is —2. 


The stndent must be careful to Be« that the indices on 


both lines increase or decrease together as we move along 


H^tbem in the same direction. If this is not attended to, the 


^■lines will have the same inclination, bnt will slope in opposite 


^Rdirections, and therefore cannot be parallel. 


H PBOBLEM 102. 


^ViTo determine the inclination of a given plane. 


^H Ixit a Zi be the scale of slope of the plane. 


^B Since the long lines of the scale of slope are at right 


^Vimgles to the horizontal trace of the pknc, it is evident that 


the inclination of tbose lines p^^, , 


will be the same as the incli- 




w if 6 P be drawn perpendicnlar s 10 '>> y^ 


■ 


^Vifo ffl t, and made equal to the fj y^ 


■ 


^Jlflifference of the indices of 6 <i.|^ , 


■ 


^Bind (I, the angle V ah will ^ ,■ , 


^ ■ 


^^easure the inclination of H 


^fee plane. ■ 
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PROBLEM 103. 




To determine a pla^ie to contain a given point, cmA he paraUet 

to a given pian*. 

Lety^ be the given point, and a h the given plane (fig, 136). 
e the horizontal traces of parallel planes are parallel 
it ia clear that tbelr scales of slope, which are at right angles 
to these tmuea, mnat aleo be parallel. Draw, therefore, the 
i of the required scale of elope parallel to a b, and 
in any convenient position. Through j) draw a line, p j, at 
right angles to c il. p q will be the plan of a horizontal line 
lying in the required plane, and q will therefore have the same 
index ae }i. 

The scale of slope c d must bo graduated in the same way 
AS ab ; that is to say, the difference of the indices of a given « 
length on c d must be equal to the difference of tt 
on an equal length of it b. 

PROBLEM 104. 

To determine (1) /Ae distance between, two parallel pla^ies ; (a 
a flane parallel to a given plane, and at a giveji dtsi 
from it. 
Let a b and c d be tbe given planes. 

" 3S be foTind on a vertical plai 
perpendicularto their h orizoa^ 
tal traces, and therefore p 
flllel to their scales 
the distance between thetwS 
traces will be the distanoj 
between the planes. 

For convenience the ver- 
tical plane is taken so as to 
pass through a b, one of the 
scales of slope, so that the 
ground line XT coincides 
with ab. 
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i' and 6 b' are drawn perpeadictilar io ab. 6 6' is made 
equal to the index of h, and a c' equal to the index of c. As 
in the example ahown in the figure, the index of a is 0, a b' 
ia the vertical trace of the plane whose scale of slope is a b, 
and as the other plane ia parallel to this one, a line o'd' par- 
allel to ab' 'will be its vertical trace on the assomed vertical 
plane. The distance between a b' and c'd' is the distance 
between the given planes. 

The second part of the problem is so simple as to require 
no explanation heyond the figure. We just notice that two 
planes may be determined — one on each side of the given plane. 



PROBLEM 105. 



pjb determine the plane voiitainiuy three giveti points. 
Let u, 6, and c be the given points. 
Find a point, d,mab having the si 
I 100. cd mnst be a horizontal line i 

, and t ; therefore the scale of 
I slope of the plane containing these 
I points must be at right angles to 
fed. 

Where cd cuts the scale of 
F slope determines a point on it 
I having the same index as c or d. 
I If through a a line he drawn parallel to cd io meet the scale of 
lope, a point ia determined on the latter having the same 
,H a. Theae two points on the scale of slope having 
Inen found, the scale may be graduated if required. 




PROBLEM 106. 



i/iien plane, to place a line haoing a given inelination eo 
that it shall 2'ass through a given point in the plane. 

Let ab be the given plane, andpthe given point. 
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Through r, any point in the scalf 
perpendicnlar to the latter. Draw a 
line, y Q, in any conTenieiit direction, 
and a. line, p P, at right angles to p Q. 
Make pP equal to the difference of 
the indices of p and r, and draw P Q, 
making the angle P Qj) equal to the 
given inclination. With centre jj, and 
radina pQ, describe an arc cutting r'j at q, 
required. 

PEOBLEM 107. 
To determine the intereection of iwo given plane. 

Let a h and c ^ be the given planes. 

Through a and h, any two points in the scale of slope a S 
draw the lines ap and 6 j at right angles to ah. Throngh 
points c and d in ed, having 
the same indices as a and b, 
draw lines perpendicular to i: <?. 

The line ap Is the plan of 
a horizontal line lying in the 
plane ah. cp is the plan of 
a horizontal line lying in the 
plane c d. Now, as these lines 
have the same indices, they 
must be in the same plane; therefore tbey will intersect at ^ 
point of which p is the plan. Therefore p in H point in t' " 
intersection of the two given planes. In the same way, q M 
B. point in the intersection ; therefore the line p 
section of the planes. 

If the scales of slope are parallel, the above constmct 
will evidently fail, because the horizontals of both planes v 
be parallel, and therefore never meet. In this 
plane is taken not parallel to either of the given planes, ( 
its intersection with each of them found by the rule just given. 
This determines two lines whose intersection with one another 
will be a point in the intersection required. It is evident that 
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the intersection of the given planes will be a horizoDtat line ; 
therefore a, line perpendicular to the given scales of slope 
through the point thus found determines the intersection of 
the given planes. 

If the third plane mentioned above be taken perpendicular 
to the given planes, the plans of its int«rsectiona with the latter 
will of course coincide, so that an elevation of them mnst be 
drawn to determine the point where they meet. This elevation 
is best taken on the third plane itself. 

If the given scales of slope are nearly parallel, so that the 
horizontals of the planes meet at a very acute angle, it is best 
to find two points in the required intersection by the method 
explained for parallel planes — i.e. by cutting each of the given 
planes by two other planes. 



PROBLEM 108. 
To determine the intersection of a given line ami a given plaiie. 

Let (1. 6 be the given line, and c d the given plane. 

Through any two points, a and i, in the given line, draw the 
parallel lines i r and h q in any conveaient direction. Through 
(■ and d, points on the scale of slope having 
the same indices as a and &, draw the hori- 
zontals cr and:f <jr, meeting the parallels a r > 
and hqa.tr and 5. Join rq. The point 
p where the line rq or rq produced meets 
cd or cd produced is the point where the ^ 
given line meets the given plane. 

The theory of the above construction 
ia as follows:— (H' and hq are the hori- 
zontals of a plane containing the line ah. 
The line rq ia. evidently the intersection 
of this plane with the given plane. The point p ia therefore 
a point in both planes and also in a 6 ; therefore it ia the inter- 
section required. 

The intersection may also be found by taking an elevation 
of the line and plane on a ground line parallel to the scale of 
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PROBLEM 109. 




Through a given point, to dTtmo a line perpendicular to a given 

The plan of a line wbich is perpendicular to a plane ie at 
right angles to tlie horizontal trace of that plane, and will 
therefore be parallel to its scale of slope. 

To fignre the plan of the line (which, of course, paBses 
through the fignred plan of the point), determine tLe trace 
of the plane and the elevation of the point on a vertical plane 
parallel to the scale of slope. Through the elevation of the 
point draw a perpendicular to the trace of the plane; this 
pei'pendicular will be the elevation of the line, and from it 
the plan may be fignred. 



PROBLEM HO. 



Ti> determine a plane to co7itain a given point, and ie perpt 

diaalar to a given line. 

Taking the fignred plan of tbe line for a ground line, 
determine the elevations of the point and line. Through the 
elevation of the point draw a line perpendicular to the elevation 
of the given line. This perpendicular will be the vertical trace 
of the required plane. The scale of slope of the plane will be 
parallel to the given figured plan of the line, and it may 
graduated from the vertical trace found as above. 

Contour Lines. — The plan of a portion of the earth' 
face is made to show the form of that surface very clearly, 
by drawing on it thesectionsof the surface by a aeries of hori- 
zontal planes, at equal distances from one another. These 
sections are called mitour Uites. Fig. 142 shows the contoured 
plan of a hill. It is evident that the relative closeness of the 
contour lines shows the relative steepness of the different parts 
of the surface, the surface being steepest where tbe 
lines are closest together. 

It is usual to affix to the contour lines (to a few of 
at least) their heights above some fixed horizontal plana, 
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PROBLEM 111. 



suTface by its contoured ^Imt, mid a plane by its scale 
of dope : to determine tJte section of the suiface by the plane. 
Draw the plans of a number of horizontal lines lying in the 

given plane, and having tho same indices as the contour lines. 

The poiats where these linea meet, the cootoar lines having 




the same indices, are points in the section required. The com- 
plete section ia obtained by drawing a fair curve through the 
pointfi thus obtained. 






EXERCISES, 



Draw a triangle SstigCii ah = 2^", 6r = 2", ca^l^". 

the fignred plans of three lines passing through A, B, 
and C, and parallel to the line joining C with the middle point 
of AB. 

2. Show the scales of slope of two parallel planes inclined 
at H)°, the distance between tlie planes being i^". 

3. An equilateral triangle of 2" side has its angular poiuta 
indexed*, 15, andl8. Determine the true form of the triangle 
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s the plan, and determine tlie settle of slope fi 

c, con- 
Find 



of which this it 
its plane. 

4. The plans of three points, a^, 6jq, Cjq, form ; 
angled triangle, the lengths of the two sides, a c and b c, 
taining the right ang-le, being 1" and 1'25" respectivelj, 
the true form of the triangle ABC, and its area. 

5. Determine the plan of the circuin scribing circle of a, 
triangle, ABC, whose fignred plan is a^ b.^^ c^ — a 6 = 2-8", 
bc = 2-G',ca = l-9". 

6. Three points, whose plans form an equilateral triangle 
of 3" side, have indices 10, 20, and 30. From each point draw 
a line perpendicular to the line joining the other two, 

7. Represent a plane inclined at 38°, and place in the plane 
a line inclined at 20°, 

8. Determine the scale of slope of the plane containing tlie 
points given in Exercise 1, and represent a line lying in this 
plane inclined at 20° and passing through the point B. 

3. Represent a place inclined at 40° by its scale of s 
and two lines lying in this plane, one being ioclined at 30' 
the other at 20°, the lines to meet at a. point whose index ib 
Determine the true angle between thi 

10. The figured plana of six points, a^, h^, Cm, ''is. ejo./i 
taken in order, form a regular hexagon of li" side. Find the 
intersection of the plane containing A, C, andF, with the plane 
containing B, D, and E, and state its inclination. 

11. An irregular five-faced solid has a square base (3" side) 
on the horizontal plane. The remaining faces, which slope 
towards the centre of the square, are inclined at 40°, 50°, 
and 65°. Draw the plan of the solid, 

1 2. Represent by its scale of elope a plane inclined at 
Also a point 1" distant from the plane, and 2" above the 
zontal plane. Through the point draw a line inclined at 45' 
and parallel to the plane inclined at GO' 



ope, 

i 



, ou", 



13. Dm 



abed. ah = 



= 1-4', 



da ^ 1*5", a c ^ 2". The points a, b, o, and iZ are the plana 
of fonr points whose indices are 7, 2G, 10, and 1 7 respectively. 
Determine the plan of the sphere on whose surface the points 
A, B, C, and D are sitoated. 



CURVED 8urfact:s akd tangest planes. 

14. Determine the foot of the perpendicular from the point 
B (Exercise 13) on the plane of A, C, and D. 

15. Draw a triangle '■|3-s'?« Bh-j (rd = 1-4,", de = 2-1", 
ec = 27")- C D is one edge, and C B one diagonal of a cube. 
Complete tlie plan of the solid. 

16. Draw a square, a I J ?i|2 Cii, d^,, of 2" side. Draw the 
fignred plan of the common perpendicular to the lines A C 
and B D. 



I 



CHAPTER XIV. 

CUEVED STIEFACK8 AND TANGENT PLANEf 



Oeneration of Surfaces. — Snrfaces may be considered as 
'generated' by a line, straight or curved, moving in a definite 
manner. Thus a sphere may be generated by the revolntion of 
a semicircle about its diameter, and a plane may be generated 
by a straight line moving parallolto itself along a fixed straight 
line. 

The line by the motion of which a surface is genoi'ated is 
called the Generatrix, or Generating Line, of that surface. 

A line which serves to constrain or direct the motion of 
the generatrix is called a Directrix. 

Surfaces of Iftvolutlon. — Surfaces which may be generated 
by a line, straight or curved, moving ho that any point in it 
ia always at the same distance from and in the same plane at 
right angles to a fixed sti-aight line are called niifacea of tbvo- 
httion. 

The fixed straight line about which the generatrix revolves 
is called the axis of the surface. 

Sections of a surface of revolution by planes at right angles 
to the axis are circles. 

Sections by planes containing the axis are called meridian 
xectiong. 

AT I meridian sections are exactly alike. 

f Bawhdioit. — The sphGre, the riskt. 
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circnlar cylinder, and the right circnlar cone, are examples of 
Burfaces of revolution, and have been already defined (pp. 26 
and 27, Part I j 

A Spheroid is a Burface generated by an ellipse rotating 
about one of its area, and is called an Oblate or Prolate 
Spheroid according as the minor or major axis of the ellipse 
is the axis of revolation. 

The Hyperholoid of Fevoluiion is generated by a straight 
line revolving abont aa axis not in the same plane with it. 
The circle described by the common perpendicnlar to the 
generating line and the axis is sometimes called the collar, 
and sometiiaes the throat, of the surface. 

A surface of revelation may also be generated by a circle 
of constant or of varying diameter, wbich moves so that its 
plane is perpendicular to, and its centro in, tlie axis, the 
diameter of the circle being regulated by some line, straight 
or cnrved, such as a meridian section of the surface. 

In the cylinder of revolution the line which regulates the 
diameter of the generating circle is a line parallel to the axis, 
80 that the circle is of constant diameter. 

In the cone the regulating hue or directrix is a straight 
line, passing through the vertex of the cone. 

In the hyperboloid the regulating line is an hyperbola. 

In the spheroid the regulating line is an ellipse. Here we 
may mention that the spheroid is by some writers called an 
elh'psoid ; it is, however, only a particular case of the ellipsoid. 
The complete definition of the ellipsoid is as follows ; ' — ' An 
ellipsoid may be generated by the motion of a variable ellipse, 
which moves so that its plane is always parallel to a fixed 
plane, and which changes its form so that its vertices lie in two 
ellipses having a com.mon axis traced on planes perpendicular 
to each other, and to the fiied plane.' 

If the ellipses which direct the moving ellipse were equal, 
the moving ellipse would become a circle, and the surface 
generated woold be that of a spheroid. 

S/uied Surfaces are such as can be generated b 
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of a atraigBt line. They may be divided into two classes— 
Deeelopable Surfaces and Twisted Surfaces. 

Uevehpable Snrfaces. — A surface ia sa,id to be developable 
■when it can be ' folded back on one plane withont tearing or 
creasing at any point.' The generating lines of developable 
snrfaces ' move in Buch a manner that any two of their con- 
secutive positions are in the same plane.' 

All other mled surfaces are twisted surfaces, 
^^ Examples of Ruled Surfaces. — The cylinder and cone repre- 
^beQt the class of developable snrfaces, 

^B As examples of twisted surfaces we have the following : — 
^r The Htjperholic Paraboloid, or Twisted Plans, which ia gene- 
rated by a line moving parallel to a fixed plane, and meeting 
two fixed straight lines. If the guiding lines or directrices 
be curved instead of straight, the resulting surface is the 
TieUttd Gylvnder. 

The hyperboloid of revolution is clearly also a twisted 
surface. 

Perhaps the moat important twisted surface ia the Screw 

Surface, wliich may be generated by a straight line moving 

with a uniform velocity along a fixed straight line or axis, 

^ji'ith which it makes a constant angle, and at the same time 

^^kfi a uniform motion of rotation about that axis. 

i 



PKOBLEM 112. 



determine a cylinder to etivelop a given spJiere, the direction 
of the axis of the cylinder being given. Also to determine the 
citrve of contact of ths cylinder and sphere. 
The axis mn, vi'n' of the cylinder wilt pass through oo', 
centre of the sphere. The curve of contact will be a great 
-"iircle of the sphere contained by a plane parsing through its 
centre and perpendicular to the axis of the cylinder. 

The projections of the cylinder will consist of tangents to 
the projections of the sphere parallel to the projections of the 
axis of the cylinder, together with the traces of the surface 
on the planes of projection. Only the horizontal trace of the 
cylinder ia shown in the figare. 
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To find the homoptal trace of the cylinder aad the p 
of the ciNile of contact, we proceed as follows. Draw ] 
elevation of the cylinder and sphere on a vertical plane 
parallel to the axia of the cyliriJer, taking m n, the plan of 
that asis, for the new gronnd line. TOj'm ia the new elevation 
of the axis of the cylinder, and Oj' that of the centre of t 
sphere. The points a and I, where the tangents to the o' ' 




0|', parallel to vt^'n, meet m n, are the estremities of the n 
asis of the ellipse, which is the horizontal trace of the cjlinAI 
The minor axis of this ellipse passes through n (the horizanf 
trace of the axis of the cylinder), and is eqaal to the diamo( 
of the cylinder or sphere. 

The line e^'il^', passing throngh o/, and perpendicnlar i 
m,'i;, ia the new elevation of the circle of contact. Perpen- 
diculars from Ci' and (?/ to mn determine cd, the minor axis 
of the ellipse, which ia the plan of the circle of contact. Ths 
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majov axis of this ellipse is a ditimeter of the circle wbicb is 
the plan of the sphere, and is at right anglea to vi n. 

The elevation of the circle of contact is obtained by taking 
an auxiliary plan of the cylinder and sphere on a plane parallel 
to the axis of the cylinder. The conBtrnction. ia similar to that 
for the plan. 

The vertical trace of the cylinder may also be obtaiced 
from the same auxiliary plan. 



■ PKOBLEM 113. 

To determine a cone to envelop a given gphere, the verleie of llie 
cane being gveen, Aho to determine the curce of contact of the 
and sphere. 



^RfilaD 



Take an auxiliary elevation of the cone and sphere on tbu 
of the axis of the cone as a gronad line. The points a 
and b, where the tangents from c^' to the circle o,' meet the 
line r n, are the extremities of the maior axis of the ellipM-, 
which ia the horizontal trace of the cone. To determine the 
magnitude of the minor axis of this ellipse, which of course 
bisects u/yat right angles, and does not pass throngh the 
horizontal trace of the axis as ia the case of the cylioder in 
the preceding problem, we perform the following construction. 
Through/, the middle point of a b, draw/;/,' at right BiigicH 
to '-■,'» to meet the latter at h^', and v,'b at 3,'. With centre 
/(,', and radiua k^'g^', describe the arc j/K, and draw/K per- 
pendicular to/3,' ^° meet this arc at K. /K is equal in length 

The theory of the construction jnat given for finding the 
minor axis of the ellipse, which ia the horJKontal trace of tiiy 
cone, IB that a section of the cone perpendicular to its axis is 
taken by a plane whose trace on the anxiliary elevation is 
I'i'gi'- The true form of thia section ia a circle, a portion of 
which is shown turned round into the plane of projection. 
The chord of this circle drawn throngh /, perpendicular to 
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le level of tb^H 



/yi'i gi'es the greateat width of tlio cone at the Ii 
horizontal plane. 

The ellipse, which is the plan of the circle oi' contact, i 
Found as follows, e,'di', the line joining the points of contact 
of the tangents from u,' to the circle o,', is the new elevation 
of the circle of contact. Peipendicnlara from (.'I'lZ/ to i 




determine c J, the minor axis of the ellipse. The major axis iol 
eqnal to the diameter of the circle, and therefore equal to <|'(2|'. 
The axes of the ellipse, which ia the elevation of the circle 
of contact, are found by taking an auxiliary plan of the cone 
and sphere in the fame manner as for the cylinder and spfaei| 
fisd proceeding in precisely the same way as for the plan. 




PROBLEM 114. 



To determine the eeotion, by a giomi ^lane, of a surface whose 

mods of generation is Icnovm. 

The way in which the surface is generated being known, 
the projections of the generating' line in any number of 
poBitionB can be drawn. The interBcction of the given pliine 
with the generating line in each of these positions can then 
be determined. This gives a number of points on the inter- 
section of the piano with the surface, and a fair curve through 
these will be the complete intersection. 

When the given sarface can be generated in a number of 
different ways, that mode of generation should be made use 
of which lias the projections of its generatrices the simplest 
possible. 

The sections of the cylinder and cone worked out in 
Chapter VIII. are examples of this problem. 



PHOBLEM 115. 



^s determine the iniersection of a straight line with a given surface 
whote Tiiode of yeneralion is knoum, 
A-Gsnine a plane to contain the line taking the position of 
lire piano so that the projections of its intersection with the 
given surface are as simple as possible. 

The intersection of the line with the intersection of the 
plane and surface will be the intersection required. 

P Tangent Planet. — If through a given point on a surface any 
no lines be drawn on that surface, the plane containing the 
Uigents to these lines through the given point is the tangent 
lane to the surface at that point. 
If a straight line can be drawn on the surface through the 
^ given point, as can be done on all ruled snr&osa, the tangent 
plane will contain this line. 

The jwrmal to a surface at any point on it ia tho perpen- 
Scalar to the tangent plane at that point. 



PROBLEM IIG. 
To lietermiiie the fan^fnt plane to a eone at a g-ireit point on f 

Let V denote the vertex of the cone, and P the given p 
ou its surface. 

Join Y P, and produce it, it' neceRsary, to meet the hori- 
zontal trace of the cone at Q, Through Q draw a tangent to 
the horizontal trace of the cone. This tangent will be the 
horizontal trace of the reqnired plane. Its vertical trace can 
be dotenuined from the condition that the plane contains the 
vertex of the cone. 



\ 



PROBLEM 117. 

To ielennine a, tangent plane to a cone ihrough a givenpoint 
on the turfacB of the cone. 

The reijuiref' plane will contain the line joining the given 
point with the vertex of the cone. The horizontal trace of 
the plane will pass throagh the horizontal trace of thia line. 
Also, if the plane touches the cone, its horizontal trace w^ill be 
a tangent to the horizontal trace of the cone. 

The vertical trace can be determined fi-om the condition 
that the plane contains the given point or the vertex of the 

If the horizontal trace of the line joining the given point 
with the Tert«i of the cone falls outside the horizontal trace 
of the cone, there will be two tangent planes to tiie cone 
passing through the given point. If the horizontal trace 
the line falls inside the horizontal trace of the 
problem is impossible; and if it fall on the horizontal t 
of the cone there will onlj- be one plane. The preced 
problem is just this latter case. 
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PROBLEM 118. 






b determiiia the tavqetit planes to 
parallel to a gnen gimight hnt 



iw iihi h shall he 



Throne;h the \ ei tex of the cone draw a lice pat allel to the 
Igiveu line By the conatruction explained m the piecedmg 
|)rob!era, determine thi, planes to contain the former hne and 
tonoh tbe cone These plane^i are the planea leqniied In 
the particnlar caae when the gnen line la parallel to a ^'cne 
I'fttrix of the cone, only one tung;tnt plane can be determined 
parallel to that line If the liue through the vertex parallel 
to the given hue falls ^nthin the cone, the pioblem becomes 



PROBLEM 11!>. 



ne ihe tangent planes I 
iirlined xckich sJiaU have a gice 



incMnatimi. 



Determine a cone having its vertex at the vertex of the 
Rg;ivea cone, its base in the horizontal plane, and its base angle 
vAqnal to the given inclination. The tangent planes to these 
■Wo cones are the planes required. Problem 80, which is 
f worked out on p. 4, is practically the same as this one. 

Note. In the preceding problems on tangent planee to the 
ive made nse of its horizontal trace only ; bat in 
practice it may often be more convenient to take a vertical 
trace of the cone, and firfet determine tlie vertical trace of the 
tangent plane, which will be a tangent to the vertical trace 
«f the cone. For example, if the base of the cone is circular 
tud in a vertical plane, take this vertical plane as one of the 
[planes of projection and use the trace of ttie cone on this 
I, which trace would be a circle equal to that of the base, 
Kir determining the tangent plane. 

These remarks also apply to the problems which follow on 
jSgent planes to the cylinder. 
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PROBLEM 120, 




To deterraine the tangent ])lane to a ijicen ajlindet 
point on its eur/ace. 

Draw the generatrix of the cylinder through tlie given 
point. The tangent plane at the given point must contain 

8 line. Produce this generatrix to meet the trace of the 
cylinder at H. A tangent to the trace at U vrill be one traca 
of the plane, and the other may be determined from tbi 
dition that the plane contains tbe given point. 



PROBLEM 121. 



1 



To determine a tangent plane to a cylinder mid jtassing tkrottgk 
a given external point. 

Through the given point draw a line parallel to the gene- 
THtrioes of the given cylinder. Let M be the trace of this 
line. Through M di-aw a tangent to the trace of the cylinder. 
This tangent will be one trace of the required plane, and the 
other may be found from the condition that the plane coiM 
tains the given point. 



PROBLEM 122. 

To determine a twngent plane to a gieen cylinder which eliaU I 
parallel to a given straight line. 

Let AB be the given line. 

From any point, C, in AB draw C D parallel to the genera 
tricea of the cylinder, and determine the traces L'M, and MH 

f the plane containing A B and C D. The plane reqnii^ 
will be parallel to the plane L'lIN. 

A tangent, Q E, to the horizontal trace of the cylinc 
parallel to M N will be the horizontal trace of the reqain 
plane, and a line parallel to L'M through the point whet 
QB meets XY will be its vertical trace, 



I 
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PROBLEM 123. 

WiTo determine the tangent plane to a given ejihcre af a ij'voi 
point on its surface. 

Let P be the given point and the centre of tlie sphere. 
[.Join OP. A plane tlu-ongli P perpendicular to OP is the 
■l^laDe required. 

PROBLEM 124. 

To determine a tangent plane to a given sphere wMcK shiU 

contain a given line, 

First Solution. A tangent plane to the sphere containing 

given line will be perpendicular to the radius of the sphere 
drawn from the point of contact. Hence this radios will be 
perpendicular to the given line, and therefore lie in a plane 
perpendicular to that line and possing through the centre of 
the spbei^e. This perpendicular plane will intersect the 
sphere in a great circle, and the tangent plane in a straiglit 
line, which will he a tangent to that circle. The point of 
contact of this tangent line will be the point where the tan- 
gent plane touches the sphere. 

The point of contact being determined, the tangent plane 
is drawn through that point perpendicular to the radiu.'* at 
that point. 

In fig. 145, oo' is the centre of the sphere and ab, a'h' 
the given line. 

Determine (Problem 5(5) a plane, P'QR, perpendicular to 
'ah,n'h', and containing the centre of the sphere. Find (Pro- 
Uem 54) the point ed where the given line meets this plane. 

Through the centre of the sphere draw a horizontal line, 
OS, in the plane P'QR. Let the plane P'QR revolve about 
the horizontal lino OS until it becomes horizontal. When 
this is done the great circle which \n the section of the spBere 
by the plane P'QR will coincide with the circle which is the 
plan of the sphere. The point C, nfter the rotation of the 
iJane P'QR about the line S will come to C, ; sC, being 




DEBCRlP-rnT GEOMETRY. 

eqnal to the hypotenuse of a riglit-angled triangle whose I 
is equal to se, and perpendicular equal to the difference of th*^ 
distances of s' (or o') and c' from XT. From C, draw a 
tangent C|Ei to the circle which ia the plan of the sphere; 
E| being the point of contact. Produce C|Ei to meet soat T. 
Now restore the plane P'QR to its natural position, carry- 
ing with it the tangent line. During this restoration the 
point E| will describe a circle whose plan will be a straigbt 




line perpendicular to os, while T will remain fixed. It is 
evident, therefore, that the line cT will be the indefinite ph 
of the tangent from C to the great circle, which is the aectii 
of the Bphere by the plane P'QK, and the point c where f 
meets the perpendicular from E, on to os will be the plan 
the point of contact, the elevation of which ia easily found. 

A plane through ev' perpendicular to oc, o'e', ia a tangenl 
plane containing ah, a'h'. 

It is evident that there will be two tangent plai 
fiUing the given oonditioa. To ^d the second one, the 
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■tangent to tbe circle from C| ia drnv;n, anil tlie con&tructinn 
mpleted as for the first plane. 
Second Solution. Take a point in tbe given line, and deter- 
I tQine by Problem 113 a cone to envelop the sphere and have 
■'•thia point for its vertex. A plane containing the given line 
and tonchiog this cone will also touch, the sphere. TLie 
plane may be determined by Problem 117. 

Third Solution. Take two points on the given line and 
consider them as the vertices of two cones enveloping the 
spbere. Determine by Problem 113 the projections of the 
tircles of contact of these cones with the sphere. These 
circles of contact interaeot at two points, which are the points 

I. of contact of the tangent planes to the sphere which contain 
the given line. 
By taking the axis of one cone parallel to the vertical 
_J)1ane and the axis of the other parallel to the horizontal plane 
<m\j one ellipse will need to be drawn. 





PROBLEM 125. 


ffb deteriii. 
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ones can be determined One has its vertex 


line 
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PROBLEM 1213. 



^ determine a tangent plana to two given epTieres tvhic'i g?,all 
contain a given point. 

Determine by the preceding problem a cone to envelop 
[be given spheres. A plane containing the given point and 
touching this cone will be tbe required tangent plane, and 
ifty Ite Ibnnd by Problem 11?. 
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Another solution ia to find the vertex of the enrelopiftL 
cone by the preceding problem, and then determine b^ 
Problem 124 a plane to touch one of the epherea, and contain 
the line joining the vertex of this cone with the given point. 

In general, four tangent planea to the two spheres maj be 
found containing the given point. 



PROBLEM 127. 
To determine a tangent plane to three given spheres. 

Determine the vertex of a cone enveloping two of tBj 
spheres, also the vertex of a cone enveloping any other twO) 
A plane containing these two vertices and touching c 
the spheres will abo touch the other two, 

Eight planes may be determined to touch the three givei 
spheres. Two of these will have all the spheres on tb 
aide, while the otbera will have one on one side and two 
the other. 



PBOBLEM 128. 

To determine the tangent plane to a given surface of revolution 

at a given point on Us surface. 

Let the axis of the surface be vertical, and \et P be the 
given point. 

All the tangent planea to the surface at points on ib at the 
same level as P will have the same inclination, and the normals 
to the surface at these pointa will all meet on the axia at the 
same point. Hence if p'r' be drawn parallel to X Y to meet 
the outhne of the elevation (or plane generatrix) of tbe sur- 
face at !■', and a line, qW\ be drawn perpendicular to tli*- 
tangent at r'. meeting the eleration of tljc axia at q', f/'p' will 
be the elevation of the normal to the aurface at P. The plan 
of this normal will be the line joining j:i with the centre of the _ 
circle, which ia the plan of the surface. 

A plane through pp', perpendicular to pq, p'q',^ 
tangent plane to the surface at P. 



liU be a^M 
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This plane also tom^liea the right circtilar cMne, wtoae 
rojections are shown in the figni'e. This cone envelops th& 




I surface; t!io line of contact being a horizontal circle^ 
Msing through P, 



PROBLEM 120. 

b determine a cylindBr lo envelop a given surface of revoluHov , 
tJie generatrices of the cylinder to he parallel to a given line^ 
Alio to sftoHi the line of contact. 

Ijet A B be the axis of the surface of revolution (supposed 
o be vertical), and let C D be the line to which the genera- 
trices of the required cylinder are to be parallel. 

Take any point, P, on the surface of revolution and de- 

lermine the cone which, having itsveriex V in AB, envelops 

•ibe surface of revolution and touches it in a horizontal circle 
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■r tins cone 9^H 



tLrougli P. Tbe constructlou for detern 
aliown in fig. l-if>. 

Determine by Problem 118 a plane tangential to this " 
cone and parallel to AB. Fiad the line VR which is the 
line of contact between the cone and the plane (R is the point 
where tlie Iiorizontal trace of the plane touches the cii-cle, 
which is tlie horizontal trace of the cone). 

Next determine the point Q where VB meeta the circle 
, ofcoatiict, and through Q draw QN parallel to AB. The 
point Q is the point whore the tangent plane touches the 
surface of revolution. The line Q N will be a tangent to the 
Burface of revolution at the point Q, for it ia parallel to AB, 
which ia parallel to the tangent plane, and Q is in that plane ; 
therefore QN ia in that plane. 

The line Q N will be a generatrix of the required cylin 
Q will be a point in the curve of contact, and N, the horizoi 
tal trace of Q X, will be a point in tbe horizontal trace of t' 
cylinder. 

Ia the same way, any number of points on ( 
contact may be determined, and also any number o 
■oi the cylinder. 



PROBLEM 130. 

To determine a cone to oivelop a given sitr/nce of revolutk 

the vertex of the cone heint/ given. Also to determine 1 

liite of contact. 

There are only two points of' difference between the' 
solution of this problem and that of the preceding one. Tlie 
first point of difference ia that, after determining the vertical 
cone enveloping the given surface, the tangent plane is mad^. , 
to pass through the given point which is to be the vertex < 
the required cone, instead of being drawn paraliul to a giT( 
line. 

The second point of difference is that, instead of draff 
ing QN through Q, parallel to a given line, we join Q ? 
the given point. 




SCHFACES AND TANGENT PLANES. 



EXEHCISKS. 



\ 



1. A sphere, 2" in diameter, rests on the H.P. Show the 
projections of a cylinder enveloping this sphere; show also 
the cnrve of contact. The plan of the axis of the cylinder 
TiiakeH 30°, and its elevation 50° with XT. 

2. The plan of the axis of a cone makes 30°, and its 
elevation 00° with X Y, A sphere, IV' diameter, which is 
enveloped by this cone, has its centre at a point whose plan 

2'' from the plan of the vertex of the cone. Show the plaii 
id elevation of the cono and carve of contact. 

3. Two straight lines, AB and CD, Lave their plana 
-»itna(ed as follows :— a 6 = 4J", cd = 3^" ; « 6 and cd inter- 
,aect at a point, o, 2^" from a and 2'' from c. The angle aoc 

The heights of the pointa A. B, C, and D above the 
H.P. are 0", 2", 0°, and 3^" respectively. 

A surface is generated by a line moving parallel to tlie 
H.P. and always meeting the lines A B and C D. Determine 
the trae form of the section of tbis sarface by a vertical 
plane whose horizontal trace biaeots the angle aoe. Wliut is 
the snrface termed, and can it be developed ? 

4. An. byperboloid of revolntion has its axis vertical, and 
is cut by a plane inclined at 50°, whose horizontal trace Js 
perpendicular to X T. This plane cuts the a\ia at a point 1" 
below the collar. The generatrix of the surface is inclined at 
SS", and its perpwadicnlar distance from the axis is \". Show 

plan of the section and determine its trne form. 

A sphere, 2" diameter, toacbes both planes of projec- 
^tion. A plane, whose horiKontal and vertical traces touch ihe 
nd elevation of the sphere, respectively, and make 45" 
ith X Y, cata the solid into two portions. Show the plan. 
id elevation of tbe lower portion. 

A surface of revolution is generated by an ellipse 

itating about its major axis, which is vertical ; axes of ellipse, 

id 2", A line, inclined at 45" to the H.P. and 30° to iho 

V.P., passes through the middle point of the axis of the 

mrface. Show the projections of the points of intersection 

(^ the line and sDrfacc. 



7. Ac 



—base 2J" diameter. 



its alivut side on tlie H.P., and the plan of its axis makes 6 
with X T. Draw the projections of a straight line lying on 
the Bnrface of this cone, the highest point in the line (a point 
in the base of the cone) being 1" above the H.P. Then draw 
the traces of the plane which tottches the cone along tbui 

8. A conical surface with a semi- vertical angle ol 
its asia inclined at 50°. Determine the planes which i 
inclined at 70° and are tangential to the surface. 

9. The plan of the axis of a cone is 3" long, the vertex jd 
■7", and the centre of the base is 3'2" above the H.P. 
3. tangent plane to the surface inclined at 75°. Badins 4 

10. Under what conditions as to form and positio 
possible to draw a tangent plane fco two right cones ? 
the projections of two nne{|ual right cones (one having a 
vertical, the other a horizontal axis) such that they admit of 
tangent planes. 

11. A cylinder, 1" diameter, touches both co-ordinate 
pianos. Draw the traces of the planes which touch the 
cylinder in a line 1" from XT. Show the intersection of thftg 
plane.. 

12. The horizontal trace of a cylinder ia a circle 1 
diameter. The axis of the cylinder ia inclined at 40°. 
termine the two planes which, being inclined to the paper a 
60°, shall touch the surface. The intersection of these plane 
to he shown, as well as the lines in which they touch tlu 
cylindrical surface. 

Id. A line, 3" long, has one extremity on the horizonl 
plane and the other on the vertical plane ; the plan of tin 
line makes an angle of 45°, and its elevation an angle of HV 
with X7. Considering this line as tbe axis of a circolu 
cylinder lis" in diameter, determine the traces of its a 
on both planes of projection. Next draw (at pleasure) the 
plan and elevation of a line, and determine the traces of the 
planes which shall touch the cylinder and be parallel to this 
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14. A circle, 2^'' ia diameter, is the plan of a spbere 
dog on the H.P, A line, 2£" from tlie centre of the 
circle, ia tbe horizontal trace of a plane which touches the 
spbere. Show the point of contact. 

16. A Bphere, 2" diameter, rests on the horizontftl plane. 
It 13 touched by three planes, all inclined at 60°, and equally 
ittclined to one another. Determine the height of the pyra- 
mid so formed, 

IC. Draw a circle, !■.")" mdina, and take a point within it 
1" distant from the centre. The circle ia the plan of a ephere 
whose centre ia 2 5" above the horizontal plane, and the 
point is the plan of one situated on the upper surface of the 
sphere. Through this point draw a straight line, which shall 
touch the sphere and be inellned at 30°, 

17. A sphere, 1'75" in diameter, touches both planes of 
projection. Determine the traces of a plane touching the 
sphere, and inclined at 130" and 50° to the horizontal and 
vertical planes respectively, 

IS. Draw a circle 1'5" radina, and 3" away from its centre 
a straight line. The circle ia the plan of a sphere, whose 
centre is 2'5" above the H.P., and the straight line is the 
plan of one inclined at 50°. Through the line di-aw a plane 
tangential to the sphere, 

19. Draw the projections of a aphere having its centre on 
the ground line, also the projectiona of a line which docs not 
meet the sphere, and ia inclined to both co-ordinate planes. 
Detennine a tangent plane to the sphere through this line. 

20. Two spheres, radii 1-5" and 1", rest in contact on the 
horizontal plane. Determine a plane tangential to both and 
having an inclination of 50°. 

21. An cquilatei-al triangle of 2^" side is formed by three 
points, n^, t[o, c^j. B and C are the centres of spberea of 
1^" and 2" diameter respectively. Determine a plane con- 
taining A and tangent to these spheres, rising from A 

_towards B and C (unit = 0-1"). 

o circles, diameters IV and 2', have their centres 

apart. The larger cii-cle ia the plan of a right cone 

ads 2 ' long), and the smaller One that of a sphere. Both 
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solids stand on the H.P. Determine a plane to touct botli 
cone and sphere. The ground line to make 40° with the line 
joining the centres of the circles. 

23. Three spheres, A, B, and C, have the plutis o£ theif 
centres at the ang-ular poii;ts of an eqnilateml triangl 
side. The diameters of the spheres are :— A, 2 ' ; ] 
C, f". The heights of their centres are :— A, 2h" \ 1 
C, ^", Determine a plane tangential to these spheres, 
ing the points of contact. Take the gronnd line parallel to 
<tb. 

24. An annalas, or ' anchor ring,' whose section is a 
circle 1'5'' in diameter, and whose mean duimeler is 2^", rests 
on the horizontal plane. Determine the plan of its sectjon by 
a plane inclined at 50°, touching its surfaoe. 

25. A surface is generated by a straight line always in- 
clined at (>5°, and always lying in a vertical plane, which 
touchea a horizontal ellipse. The plane of this ellipse is 2-5" 
above the paper, and its asea are 3" and 2", Show a section 
of this snrface made by a plane to be assumed at pleasure, 
provided it is neither horizontal nor vertical. 

26. The horizontal trace of an oblique cylinder is an 
ellipse r axes, 3" and 2", The plana of the generatrices (which 
are inclined at 55°) are parallel to the major axis. 
mine a plane which will cat the cylinder in a circle. 



CHAPTER XV. 

DEVELO!>MESrS AND THE PROJECTION 01' SCREW THBBAPa..! 

In this chapter, when we speak of the surface of a pn 
pyramid, cylinder, or cone, we exclude the bases o 

PROBLEM 131. 
To determine the dKi-elopmcnl. of the surface of a prism. 

The surface of the prism is made np of a number of paral- 
lelograms, and if the true forms of these parallelograms be 
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drawn and plitced aide hj side, bo tbat those angular points 
which are made to coincide coincide when on the aarfaee of 
the prism, the resulting figure will be the development of the 



i 



PROBLEM 132. 
determine the 'lei:elopmmd of the surface of a pijramul. 



The surface of the pyramid is made up of a number of 
triangles having a. common vertex, and if the tme forma of 
these triangles be drawn and placed aide by side, so that those 
angular points which are made to coincide coincide when on 
the Burtaoe of the pyramid, the resulting figni-e will be the 
development of the aorface. All the triangles which make up 
will have a common vertex. 



PROBLEM 133. 



^^^b determine the deoehpmeut of Ike surface of a cylinder. 

^H As was explained in Chapter IIL , the cylinder ia a particular 
case of a prism. In fig. 147 ia shown a prism inscribed in the 
surface of a right cylinder, the plan of the prism being the 
polygon which ia inscribed in the circle which ia the plan of 
the cylinder. 

The development of the surface of the prism will clearly 
be a rectangle A K, made up of a series of rectangles equal to 
the aides of the prism. The side A H of the development of 
the prism is evidently equal to the perimeter of the polygon 

12 3 Now, if the sides of the prism be increased in 

number, its surface will more nearly coincide with that of the 
cylinder, and the line A H wUI be more nearly equal to the 
circumference of the circle 1 2 S . . . . ; and in the limit 
when the number of sides on the prism is made infinite, the 
development of its surface will be the rectangle AS, in 
which the side A H is equal to the circumference of the circle 



DESCRIPTIVE GEOMETRY. 

The vertical lines through the pointe 12 3. 
iino A H are the positions of generatrices on the derail 
ment which have their plans on the cylinder at the j 
12 3 

If an end ot the cylinder ia not at right angles to its a 
or if it is curved, as shown in the elevation by the curved li 
Vd', the development will have one side curved. The pointa 
on this curve are got by making the development of the 
generatrices equal to their true lengths, which in this case are_ 
shown in the elevation. Thus C D is made equal t 




Ltersection of the surface o 
surface having the same a 



a circalar 
s (defined 



The Selio}. The i 
cylinder with a screv 
on p. 47), is a curve known as the lielise. ^* 

The helis may also be defined as the curve ' which |H 
generated by the uniform motion of a point along a generatiSriS 
line of a right cylinder as the generating line revolves wif^f 
uniform angular velocity about the axis of the cylinder,' ' ^M 

The distance between one coil of a heUs and the nex9^ 
measured parallel to the axis, is called the axial pitch of thrf^ 
belis. The distance between one coil and the next, measured 
I Frost's Solid GmmetTg. 
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along the shortest line on the surface of the cjlmdei', is called 
the normal pileh. If aeveval helices bo traced on the surface 
of the same cylinder at equal distances apart, the distance 
hetweeti two adjacent coils is called the divided pitr.k. When 
'pitch 'is mentioned without any qualificatior, 'axial pitch' 
I ifl to be understood. 



PROBLEM 134. 
To deiemmie ike projeetimi and development of a helix. 

Divide the circle (fig. 147) which is the plan of the 
cylinder into any nnmber of equal parts — say 12. 

It is evident from the definition of a helix that if the 
generating' point move round any fraction of the circumference 
of the cylinder, it will at the same time move in the iJirecfcion 
of the axis of the cylinder a distance equal to the same fraction 
of the pitch. Thus, if the point move round the cylinder a dis- 
tance shown in plan by the arc l'2^that is, through -('jth of the 
circnmfercnce^it will at the same time rise to a height eqnal 
to y'jf °f the pitch. In like manner, in moving round another 
-fWth of the circumference, it will rise another distance equal 
to I'jth of the pitch. Hence we have the following simple 
construction for drawing the elevation of the helix. 

Divide the pitch A'j)' into as many equal parts as the circle 
in plan ia divided into (in this case 12), and nnmber them 
1'2'3' .... Through these points 1'2'3' .... draw parallels 
to XT to meet perpendiculars from the points 1 2 3... 
respectively. A fair curve drawn through the points thus 
obtained is the projection required. 

The development of the helix is a straight line, and if two 
turns of the helix be developed we get two parallel lines, y'H 
and q'h, shown in the figure. 

If a line RS be drawn on the development at right angles 
to p'S and g'L, this will he the development of a helix at 
right angles to the former one. 

The perpendicular distance between the lines j/H and q'h 
is the normal pitch of the helix. 
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Fig. 143 shows the application af this problem to the 

drawing of a square double- threaded screw. The edges of 

P,i._ jjg each screw thread are formed by foni' 

helices, two being on the surface of 

3 cylinder, and two on the surfacu 
a smaller one. The pitch of each 
" " the same. 

A triangular threaded screw wonld 
be shown by the projection of two 
helices of the same pitch, one on the 
surface of one cylinder, and the other 
on the surface of a smaller ooe. 

The projection of a spiral (? helical) 
spring is juafc the projection of a screw 
thread with the smaller cylinder re- 
, If the spring is made of round 
wire, we conceive ita anrface as gene- 
rated by a sphere whose centre moTCS 
along a helix which is the centre line 
} projection of this helix is first drawn, and 
then the projection of tho sphere in a number of different 
positions. Fair curves drawu to touch the latter will ^e the 
projection of the spring. 



fffl^ 



PROBLEM 135. 
To determine the devehpment of the surface of a c 

The development of the cone is derived from that of 

e way aa the development of the cylinder 

m that of the prism. Its form is a sector of a 

circle having a i-adius equal to the slant side of the cone, the 

length of the arc being equal to the circumference of the 

circle ■which is the base of the cone. 

With I'' as centre, and v'a' as radius, describe the arc a'K. 
Step out this arc with the dividers, and make it eqaal to the 
circumference of the circle which is the base of the cone. 
v'a'K is the development of the cone. 
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The interaection of a Borew Bnrface with the sarfaco of 
a cone whose axis coincides with that of the screw snrfaoe 
gives a cnrve which may be rn;. im. 

called a conical helix. The 
projection of this helis, which 
is shown in fig. 149, ia drawn 
in almost exactly the same 
way ns that of a helix on a 
cylinder. The development 
of this helix, which is also 
shown in fig. 149, is a spiral 
The plan is also a spiral, and 
may bo drawn in the saroe 
way as the development with. 
OQt using the elevation of the 
helix. 



EXERCISES. 

1, Draw the developments 
of the snrfaces of the foUow- 

aolids ;— 

(tt) A hexagonal prism, base |" side, axis 2" long. 
(6) The oblique prism mentioned in Exercise 4, Chapter III. 
(e) A square pyramid-side of base jj", altitude 1^". 
(d) The fmatrum of the pyramid mentioned in Exercise 7, 
Chapter Vlll. 

2. Draw the development of the surface of one of the 
prisms mentioned in Exercise 28, Chapter XVI., showing on 
the development the line in which the surface meets the 
surface of the other prism. 

3, A cylinder 1^" in diameter and 2" long is cut into two 
parts by a plane which cuts its axis at an angle of 45°, at a 
point I" from one end, Show the development of the surface 
of the larger portion. 

4. A vertical cylinder 2" in diameter is cut by a plan© 
inclined at 50°, and having a horizontal trace which touches 
the plan of the cyhnder and makes 35° with the ground 
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line. Draw tte elovation and development of the curve of 
sectiun, 

5. A cone is cut by a, plane pasBing tlirongh the centre 
of ita axis and inclined at 35°. ' Develop ' tlie surface of the 
frnstnra. Diameter of base 3'5", axis 3'S". 

6. Show two helices, one right-handed and the other left- 
handed, on a cylinder l^i" diameter ; the former to be of I" 
pitch and the latter of ^" pitch. 

7. A cylinder 1^" in diameter has two helioes of eqoal 
pitch traced on ita surface, their developments being at right 
angles to one another. Determine the projections of each 
helix and state the pitch. 

8. A cylinder 1|" diameter and 3" long has three helices 
of 3" pitch traced npon it at equal distances apart. Draw 
their projections. 

9. Represent a square- threaded screw of the following 
dimensions. Diameter over tliread 2^", diameter at bottom 
of thread 1^", pitch 1", thickness of thread i". Show two 
complete turns of the thread. 

10. A spiral spring, axis vertical, is of the form of a square 
screw thread. Side of sqnare ^", external diameter on plan 3", 
pitch 2^". Draw the elevationof one complete tumofthespring. 

11. Draw a triangular or V-threaded aerew 2!/' dianaeter 
and J" pitch, the angle of the V being 60°. 

12. Make a sectional view of a nut for a triangular- 
threaded screw 2" diameter, f pitch, and \" deep. Height 
of nut 1|". 

13. A spiral spring is made out of round steel wire ^" in 
diameter. The mean diameter of the spring is 2J", and ita 
pitch 2^". Drawa plan and elevation of two turns of the spring, 

14. Draw a circle 3" in diameter and two mdii oa, oh 
making the angle a oh ^ 140°. In o a take a point p 1'4" 
from 0, and in o i take a point 'j -2'' from o. The circle is 
the plan of a cone of revolution (altitude 3") : and p and q 
are the plans of two points on its surface. Draw the plan 
of the shortest line, which, lying on the surface of the cone 
joins the points P and Q ; also an elevation on a ground line 
parallel to o n. 

Hinf. Tlie development of the line is a straight line. ^^1 
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H CHAPTER XYI. ^M 

n [STEESECTION OF SDHfACBS, ^H 

The general method of finding the mtersection of two sur- 
faces is aa follows. Let A and B denote two given surfaces 
whose intersection with one anotlier is required. Cnt the 
surfaces A and B by a third surface C ; the latter surface 
being so chosen and employed that the projections of its 
intersection with A and B are lines which can easily be drawn 
— such as straight lines and circles. Let A' denote the line 
of intersection of C with A, and let B' denote the intersection 
of C with B. Let the lines A' and B' meet at a point P (if 
the projections of A' and B' meet, then A' and B' must meet 
since they lie on the same snrface C). Then the point P lies 
on the intersection of C with A, therefore it lies on A ; it 
also lies on the intersection of C with B, therefore it lies on 
B, thus P lies on both A and B, therefore it must be a point 
in the intersection of A and B. By moving the surface C 
into different positions, or by cutting A and B by other enr- 
faces similftr to C, any number of points in the intersection of 
A and B may be determined. 



PROBLEM 136. 
dram the projections of the intersection of two cyUnderg. 

general rule cut the surfaces of the cylinders by 
les parallel to their axes or generating lines. These planes 



will intersect the surfaces of the cylinders in straight lines, ^M 

the intersection of which with one another determines points ^H 

in the intersection required. ^H 

k Example 1. — To show the elevation of tlie interaeeUon of ^H 

vertical cylinder 2" ttt diameter loitk a horisMtUal cylinder ^H 

5" til' diameier whose axis is parallel to the tierlical plane of ^^t 

■qeation. The axes of the cylinders are -2" apart. ^^H 
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md elevation of tl 



) parallel to 



Comnience hy drawing the plan 
cjlinders. 

Cut both cylinders by vertical plat 
of the horizontal cylinder. 

Eeforring to fig. 150, H.T. ie the horizontal trace of o 
of these cntting planes. This plane will cut the rertic^ 
cylinder in vertical linee of which the pointa a a are the plans, 
and perpendicnlai-s, tbrongb u li to X Y, the elevations. This 
same plane will cnt the horizontal cylinder in two horizontal 
litiea, of which a h will be the plan ; it now remains to find^ 




the elevationa of these lines. Take an elevation of the hori- 
zontal cybnder on a plane at right angles to its axis ; this 
elevation will be a circle 1'5" in diameter. The cuttingplane 
wil) have a trace on this new vertical plane which will coincide 
with its horizontal trace. The points 6,', fc,' where this trace 
onts the circle just mentioned will be the end elevations of 
the lines A B, A B, in which the horizontal cylinder is cnt bj 
the cntting plane which we are considering, and the lengtl 
cij', c6j' will be the vertical distances of these lines from 
horizontal plane containing the axis of that cylinder. 



ngtha^l 
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the required elevationB a' 6', a' b' will be at diBtancBB equal to 
ci,' above and below tbe elevation of the axis of the hori- 
zontal cylinder. 

Where a' l',a'b' meet the perpendicalarB through «, awill 
determine four points in the elevation of the intersection re- 
quired. 

In like manner, by taking other planes, other points can 
be found as shown in the figure. The elevation of the inter- 
section is completed by drawing ' fair ' curves through the 
points thus determined. 

By arranging the cutting planes Bymmetrically about the 
axis of the horizontal cyliuder, as shown, the elevations of the 
lines on the back of that cylinder will coincide with the 
elesationa of those on the front ; thus the number of lines on 
the figure is diminished. 

To avoid confusion the student should carefully number 
all the lines in the mounor shown in the figare, all the lines 
lying in one cutting plane being marked with the same 



I 



ExAMi'LE 2. A i:ertical tube, external diamsler 2j[", m- 
termd diomieter \y, haa a horizontal aylimlrical Tiole bored 
through itl^" ill diameter. Thu a^ie of the hole is ^" from 
t)m axii of the tiihe. Draw an. elevation on a ve)-ticoi plane in- 
elmed at 35° to the a^ig of the hole. 

First determine the intersection of the boring cylinder 
with the outside of the tube in exactly the same way aa in 
Example 1. The fact of the horizontal cylinder being in- 
clined to the vertical plane will make no difference in the 
working, as the heights of all the lines in which the catting 
planes intersect the horizontal cylinder will remain the same 
whatever be its inclination to the vertical plane. 

Next, in like manner determine the intersection of the 
boring cylinder with the interior of the tube. It is found 
that in this example this intersection consists of one line 
only. 

In the two preceding examples the intersections may 
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also be foond by taking the catting planes horizontal instead 
of Tertioat. 




Example 3. The horizontal trace of a cylinder is an 
ellipse 3" x 2" whose major axis w parallel to X Y. The hori- 
zcmlal trace of a second cylinder is an ellipse 2| x 2" whose 
minor axis is parallel to XY, The Une joining the cenlree 
of the two ellipses is 3" long and is parallel to X Y. The plan 
and elevation of the axis of the first cylinder each walce 45° 
with X Y. The plan of the axis of the second cylinder ie per- 
pendicular to the plan of {he axis nf the first, and its elevation 
maJcee 55° milh X Y, To draw the projections of the irttereec- 
Hon of the two cylinders. 

In tbis example tbe planes which will intereect the 
cylinders in straight lines will be inclined to both planes of 
projection. 

To find the directions of the traces of the cutting plane* 
take a point pp' in the asjars, r's' of one cylinder. Through 
this point draw tbe Hue p q, p' q' parallel to the axis of 
the other cylinder, and find its horizontal trace q. Then 1 
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r being the horizontal trace of r s, •Hs', the line throngh 3 
and r will be the horizantal trace of a plane parallel to the 
Laiia of each cylinder. This horizontal trace cuts the hori- 




zontal trace of one cylinder at the points a and h, and the 
horizontal trace of tbe other at the points c and d. These 
four points will be the horizontal traces, and lines through 
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a and 6 parallel to »"s and through e and d parallel to t 
be the plans of the lines in which the cylinders 
the plane of which the line 7 r is the horizontal trace. The 
points where these lines intersect determines four points in 
the plan of the intersection of the cylinders. 

In like manner by drawing lines ppirallel to rq, nssuming 
these to be the horizontal traces of cutting planes parallel to 
the first, and drawing Hues parallel to rs and tu through the 
points where these horinontal traces meet the ellipses, other 
points in the plan of the intersection can be found.' 

To find the elevation draw perpendiculars to XY fri 
the points where the horizontal traces of the cutting planes. 
meet the ellipses, and through the points where these perpen- 
diculars meet XY draw lines parallel to r's' and IV. These 
will bo the elevations of the lines in which the planes cut 
the cylinders. The elevation required is determined by the 
intersection of these elevations. 

As in the preceding examples, all the lines and planes 
should be nnmbered; all lines in the same cutting plane 
having the same number. The student will notice that Ihe 
points in the oi/rve of interasction are found from, the intergection 
of those liiiee haviiig the tame number. 

The portion of the curve which is seen io plan, and which 
must therefore be pnt in as a fnll line, is found from the in- 
tersection of those lines which lie on the upper surface of one 
cylinder with those which lie on the upper surface of the 
other, i.e. from the intersection of the lines whose horizontal 
traces lie on the part/3 7; <^f one ellipse with those whose 
horizontal traces lie on the part Imn of the other ellipse, i 
the rest of the curve in the plan will be hid by one or other 
the cylinders, and will therefore be dotted, 

In like manner the part of the curve which is seen 
elevation is found from the intersection of those lines whM 
lie on the front of one cylinder with those which lie 

• In the figure only three tuttinf; planes are shown to avoid O) 
fn^gthe figure (which is drawn half size), hot the student ii 
the problem should take, say ten. A similar remark applies to ol 
SgiOBB in this chapter. 
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front of the other, i.e. from the ioterBeotion of the lines whose 
horizontal traces lie on those halyea of the ellipses which are 
furthest from X T and lie between the tangents which are 
perpendicular to X Y. 

Instead of usiug only the horizontal traces of the cutting 
planes the yertical traces may be employed, and when both 
cylinders do cot hnve a trace on the same plane of projection 
it is necessary to use both the horizontal and vertical traces 

tof these planes. 
I TROBLEM 137. 

To draiv the projectionB oftlie mlerseetion of a cylinder and cone. 
The general method of aolving this problem ia to cut the 
snrfaces by planes parallel to the axis or to the generating 
lines of the cylinder and passing through the apes of the 
cone. These planes will intersect the surface of the cylinder 
in parallel straight lines, and the anrface of the cone in 
straight lines passing through its apex. The intersection of 
the former lines with the latter determines points in the in- 
tersection of the cylinder and cone. 

Example 1. A right cone — base 3" diameter, axis 3^" long — 
Jias its hase horizontal. A aylinder, 2" in diameter, whose oms 
ia horixontal penetrates the cone. The axis of the cylinder it 
IJ" above the lose of the cone. The axes of tlte golids are \" 
apart. To ehoio the plan of the ifUersecttort of the solids and 
elevation on a vertical plwne inclined at 30° to the axis of 
cylinder. 

The general method which has jnst been explained can 

lily be applied to the solution of this example. Bat in this 

jase the positions of the solids in relation to the horizontal 

plane and to one another afe such that another method may 

3 used which is as simple as that just explained. This 

lethod, which is illustrated by fig. 153, is as follows. 

Ab the asis of the cone is vertical and the axis of the 

'Under horizontal, all horizontal planes which meet the 

will intersect the cylinder io straight lines and the 
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artical traces of the horizontal catting 
planea and consider one of these planea — say that which has 
L'M' for its vertical trace. This plane will intersect the cone 
in a circle of which the diameter is ff/ij'. Draw, therefore, 
a circle of this diameter on the plan of the cone concentric 
with the plan of its base. This same horizontal plane will 
intersect the snrface of the cylinder in two straight lines, of 
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which the points bi'ci' will be the end eloTations. The plana 
of these hnes will be parallel to the plan of the asia of the 
cylinder, and at distances from it equal to half of i|'('i'. The 
points 6 and c, where these lines meet the circle already drawn, 
will he the plans of two pioints on the curre of intersection, 
and perpendicnlars from b and c to X Y, to meet L'M' at 
b' and <.■', determine the elevationa of these points. 

In like manner any nnmber of points on the carve of 
intersection may be found, and a fair curve through these 
will be the complete intersection. 

In the fignre the conatrnctioo is shown for finding the 
moat important points in the intersection — that is, all the 
jioints of the carve where there is a rapid change in its 
direction. 

Example 2. The horizontal trace of a cyluider is an ellipse, 
3" X 2" whose ■major axis it parallel to X Y. The yfnn of the 
axle of the ajUndsr maloes 30° and iia elevaiioit 60° with X T, 
A cone has for its horizortlal trace an elUpge 3^" x 2" whose 
centre ie 3" from the centre of the horizontal trace of the oylinder, 
and in the same line vnth it parallel to X T, and whose major 
axis is inclined at 60" to X Y. The vertex of the cone is 5" 
abfwe the honzontol plane, and its plan is 2^" from the centre of 
tlie first ellipse and 3^" from that of the second. To determine 
the intersection of the eijlinder and cone. 

This example is worked by cutting the snrfaces by planea 
passing through the vertex of the cone, and parallel to the 
generating lines of the cylinder which, as already stated, ia 
the general method of solving this problem. 

It ia evident that all planes which are parallel to the 
generating lines of the cylinder and pass through vv' , the 
vertex of the cone, will contain a line v f, v't' drawn through 
',' y" parallel to these generating lines. Hence the horizontal 
traces of all the cutting planes will pass through (, the hori- 
zontal trace of the line v t, v't'. 

The line It /, meeting the horizontal trace of the cone at h 
and /, and the horizontal trace of the cylinder at m and w, ia 
the horizontal trace of one of the cutting planes. This plane 
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will intersect the surface of the coDe in two straight lines 
of which V h and v I are the plans, and v'h' and t/Z' the ele- 




vations. The same plane will intersect the snrface of the 
cylinder in two straight lines whose plans pass throngh m 
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and n and are parallel to the plans of the generating lines of 
the cylinder, and whose elevations arc parallel to the eleva- 
tiona of these lines as shown in the fignre. 

The pointspj/, qq, rr', se', detenniued by the inter- 
fiection of these four linaa, are points on the curve of inter- 
section required. 

In like manner any number of points may be determined 
and the curve drawn as in former problems. 

In the figure only three catting planes are shown, but the 
stadent will, of course, in working the problem take a larger 
number. 



PROBLEM 138. 
Ti/ determine the inter&ediun of iwu omes. 

The student will have no difficulty with this problem if 
be has rightly understood the preceding ones of this chapter. 
In this case the cutting planes are made to contain the vertes 
of each cone; therefore they will all contain the line joining 
these vertices. Hence the horizontal traces of all the cutting 
planea will pass through the horizontal trace of the line joiu- 
the vertices of the cones. 



^>g 



PROBLEJI V69. 
To determine the mtersectum of a sphere with a prism or pyramid. 
The surface of a pmni or pyramid is made up of plane 
faces, and the intersections of these faces witb the surface of 
the sphere may be determined by Problem 114. These inter- 
sections will be portions of circles (whose projections are 
(generally ellipses) meeting one another at the points where 
the edges of the prism or pyramid meet the surface of the 
sphere. These latter points should be determined separately 
fcy Problem CO. 
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PROBLEM 140. 



i a surface ^^H 



I 



To detei-raine llie intersection if a cylinder and a 
retmlution. 

In alt the problems which we have jet considered on the 
intersection of snrfaces, we have cat them by planes in order 
to find points on the line of interaection. Now, the only 
simple plane section of a, surface of revolution is in general 
one at right angles to its axis, which will always be a circle; 
bnt it is evident that only in very particular cases would the 
plane which cuts the sntface of revolution in a circle, cat the 
surface of the cylinder in a, circle or in atmight lines. For 
instance, the plane which cuts the surface of revolution in a, 
circle might intersect the cylinder in an ellipse, and it w 
clearly be a laborious process to construct an ellipse for 
cutting plane. Plane sections are, therefore, in general 
suitable for the working of this proble? 

Instead of cutting the surfaces by planes we cut them 
cylinders, whose generating lines are parallel to those 
given cylinder, and which have circular sections of the 
of revolution for directrices. These cylinders may be said t* 
cut the surface of revolution in circles, and they will cut the 
given cylinder In straight lines, the intersection of which 
with the circles wiU determine points on the required inti 
section. 

In order that the circular sections of the surface of re' 
tion may bo projected into circles and straight lines the 
of revolution must be arranged perpendicular to one ol 
co-ordinate planes (generally the horizontal plane). 

Example. An oblate Bpheroid— a-ein 2", diameter 3" — having 
its am» vertical, ie penetrated hy a cylinder 2" in diameter. Tlie 
elevation of the axis of ike cylinder passes through (he centre of 
the ellipse which is the elevation of ike spheroid, and makes 4 ~ 
with XT. The plan of the twis of the njlimler is \" 6' 
from the centre of the circle whii-h is the plan «f the epkev 
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and makes 30° with X Y. To draw the projections of the inter- 
section of these two solids. 

The ellipse which is the horizontal trace of the cylinder 
may be determined as in Problem 112, p. 47. 



Fig. 155. 




Take any circular section, a h, a' I/, of the spheroid, and 
imagine a line to move so as to always meet this circle and 
be parallel to the axis m n, m'n' of the given cylinder. This 
moving line will describe the surface of a cylinder every 
horizontal section of which will be a circle equal to a />, a'l\ 
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The axis ho, h'o' of this ansiliaiy cylinder will be parallel to 
mw, m'n', and a circle witt the horizontal trace of ho, h'J 
for centre and a diameter equal to that of a h, a'h' will be the 
horizontal trace of this cylinder. 

Tho points r iind s in which the horizontal tmce of the 
auxiliary cylinder meet the horizontal trace of the given 
cylinder sj'b evidently the horizontal traces of the lines of 
intersection of these two cylinders. 

The plans J) r and i; s of these lines will be parallel to 
and their elevations ji'/ and q's' will be parallel to wi'ft'. 

The points ji and j, tvhere the lines p r and q s meet 
circle a b, are the plans of points on the intersection reqnii 
and the points p'q', where the elevations of these lines 
'(' b', are the elevations of the same points. 

Bnt the stndent will observe that the lines p r and q s each 
meet the circle a h in two points. The qneation, therefore, 
arises, are all the fonr points thus obtained points on tbe inter- 
section required ? and, if not, which ones must we take ? 

The answers to these questions will appear fvora the 
following considerations. One half of each of the circles 
A B and B S lies on the under nnd the other half on the 
upper surface of the auxiliary cylinder. The plans of these 
halves will be found by drawing through A and u diameters 
perpendicular to o h. The semicircles to tho right of h and " 
will be the plans of those halves of the circles which are on 
the under surface of the auxiliary cylinder, while those to the 
left of h and o will be the plans of those halves of the circles 
which are on the npper half of the same cylinder. From this 
we see that the point S and the line Q S are on the upper I>alf 
of the auxiliary cylinder, therefore the point 2 must lie on the 
semicircle to the left of n, and it is evident that the line Q R 
can only meet the circle A B at one point, because the line 
and the circle are not i a the same plane. Reasoning in the 
same way, we find that p lies on the semicircle to the right 
of «. 

By taking other auxiliary cylinders and proceeding in the 
same way wc may determine any number of points on the 
intersection required, 
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PROBLEM Ul. 



21> deiermlne the intergection of a cone aiid a surface of 

TevoluHun. 

The Boltttion of this problem is very like that of the pre- 
ceding one. As before we will aEsnme that the axis of the 
surface of revolntion is vortical. In this case the auxiliary 
surfaces are cones whose vertices coincide with the vertex of 
the given coeq, and whose directrices are circular sections of 
the surface of revolution. The horizontal traces of these cones 
will be circles whoso centres ".vill all lie on the straight line 
passing through the plan of tbe vertex of the cone and the 
centre of the plan of the surface of revolntion. These circles 
will not have the same diameters as the circles on tbe surface 
of revolution which are the- directrices of the cones ; their 
diameters are, however, easily found by taking elevations of 
the cooes on a vertical plane parallel to their axis (which, of 
course, all lie in the same plane with the vertex of the given 
cone and the axis of the surface of revolation). 

^^K) detei-mine tlie intersediun if tivo surfaces of revolutimi wien 

^H^ their az^H are parallel. 

^^^ As all sections of a surface of revolution by planes per- 

^HPittidicnlar to its axis are circles, and since the axis of the 
given snrfaces ai'e parallel, the same plane will, if it onts both 
surfaces, cut them in circles the intersection of which with 
one another determines points on the intersection required. 

The surfaces of revolntion ahonld be arranged so that their 
axes are perpendicular to one of the cD-ordinate planes. The 
projections of the circles mentioned above will then be circles 
and straight lines, which are easily drawn. 



PROBLEM 142. 
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PROBLEM J4;3. 



f revoluUoiii i^^^H 
ot?ier. ^^H 

ea are pamUel ^^^ 



To deterfnine the iateriection of two eurfaeet of 

their axe» are not parallel, but meet one anotlter. 

Let t.Le surfaces be placed so that their axes nre pamUel 
the vertical plane, and one of them perpentiicnlar to the 
horizontal plane. 

Denote the surface whose axis ie vertical hy 51, and the 
other by N, and the point where their eses meet by 0. 

Conceive a ephere having its centre at O, and intersectii^ 
each of the given surfaces. The intersection of this sphi 
with J[ will be a circle, A E, whose plane is horizontal, 
whose plan will therel'ore be a circle, « /', and elevatioa 
straight line, a,'6'. 

The iateraection of the uphei-e with N will be a circle, 
whose elevation, e'd', will he a straight line, bat whose 
(which need not be drawn) will be an ellipse. 

The point where a'V meets c'd' will clearly be the eleva- 
tion of the points where the circles A B and C D meet one 
another, and will therefore be the elevation of two points 
the intersection required. 

A perpendicular to X Y from the point of intersectii 
iiOi' and f!d', to meet the circle ah &t p and q, determines 
plans of two points on the intersection required. 

By taking a sufficient number of spheres, having tbeir 
centres at O, any number of points on the intersection of the 
two given snrfaces may be determined in the manner jost 
explained. 

PROBLEM 144. 



4 



'■on wit^H 
eeoaMJH 



Tu determine the iuternixtioii iif two surfaces of reuuliUion u 

their axes are not parallel iwr iitlernectiiig. 

There is no simple solution of this problem. The e 
way is as follows: First, place the surfaces so that tbeir axes 
are parallel to the vertical plane and the axis of one of them 
perpendicalar to the horizontal piano. Next cut the enrfaces 
by horisontal planes. 
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The sections of the surface whose axis la vertical by these 
lanes will be horizontal circles, and can therefore be eaaily 
The sections of the other suiface by the same planes 
will not be circles or curves, ■which are easily drawn. The 
fftlevations of these latter sections will be easily drawn since 
'they are straight lines, but their plans will Lave to be foaDd 
by determining a number of points in them, and drawing fair 
onrvea through them. 

The intersection of the sections of the two surfaces by 
these horizontal planes determiaes points on the inbersectiou 
required. 

In drawing the plans of the sectiona of the surface whose 
s inclined, only those portions need be shown which it is 
liiought will cut the plans of the corresponding sections of thft 
bher surface. 

PROBLEM 146. 

b determliiB tho intereeetioji of prisma avd pyramids with mie 

another. 

The surfaces of prisma and pyramids are plane snrfacea, 
Old the intersection of these with one another will be straight 

3, which may be determined by tbo rules for the intersection 

*pi.™s. 

ies of this problem, alfchongh simple enough in 
Sheory, are somewhat difficult in practice, owing to the large 
Binmber of lines which occur, and they can only be con'ectly 
B by exercising very great care in the working. 

Example 1. A right pri»m, having fur Ob hose an equilateral 
itiangle of 2 J'' side, ka> ics axis vertical, and one face paTallel iu 
£ vertical plane. A tgttare prism, side of square 1^", whose 
Bu ts horizoti.tal and inelined at 40° to ilie vertical plane, jiene- 
tatei thefinl pritm so that their aaies interaect. One face of the 
^lare prism, is inclined at 60° to t!ie horizontal plane, Tu show 
Hm elevation of the intersecl ion of /he iieo solids. 

Through the points where the plans of the horizontal 
cdgaa of the square prism meet the sides of the triangle, 
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^hich is ihe plan of ihe Tcrticml piism, draw perpendicalars 
to X Y to meet the elevatioiis of these horixontal edges. This 
will determine a Dnmher of points in the intersection. Next 
determine the points where the edges of the yertical prism 
meet the faces of the horizontal prism hy taking an anziliaiy 
elevation of the solids on a plane perpendicular to the axis of 

Fig. 136. 




the horizontal prism. This auxiliary elevation is of course 
required, first of all, for drawing the plan of the horizontal 
prism. By joining the points thus found in the proper order 
we get the required intersection. In fig. 156 the elevation of 
the square prism is not shown. 

Example 2. A square pyramid — base 2^" side, axis S" — 
stands on ihe H.F. with one side of its base inclined at 30° to 
X Y. This solid is jpenetrated hy a square prism, base 2'' side. 
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whose axis is horizontal and inclined at 10° to the V.P. The 
lower liorixontal edge of the prisni ckIs the axis of the pyramid 
at a point i" above tJie H.P., and a faue ccintmning that edge ia 
inclined at 40°, To show the plan mid elevatioji of the solids 
and their inteTsection. 

L Mate an auxiliary elevation on a plane perpendicular to 
Khe axis oE the prism. 

To determine the points of ioterBection of the edges of tlie 
pyramid with the faces of the prism. — The auxiliary eleva- 
tiona of these points will ba where the auxiliary elevations of 
the edges of the pyramid meet the sides of the square, which 
ia the auxiliary elevation of the priHm, Perpendiculars from 
these to the new ground line to meet the plans of the edges of 
the pyramid detei'mine their plana, from which the elevations 
can be at once projected. 

To determine the iatersection of the edges of the prisni 
with the faces of the pyramid, cut both solids by planes con- 
taining these edges and the vertex of the pyramid. Find the 
lines of intersection of these planes with the pyramid. The 
points where the latter lines meet the edges of the prism nre 
the points required. 

Now join the points thus determined ia the proper order ; 
that is to say, see that before two points are joined they both 
lie ov the same face of Ike prism and also oji the same face of 
the pyramid. 



EXERCISES. 



' Note. — The student shmtlil draw the developments of as mamj- 
f the surfaces in the follomnij escercises as possible; slu/wiiig 
o the developinmt of their lines of intersection. 



W" 

^^K 1, A horizontal cylinder 1^" in diameter penetrates a 

H'veptical cylinder 2" in diameter. Show an elevation of their 

intersection on a plane parallel to their axes : («) when the 

asea intersect ; (b) when the axis of the horizontal cylinder 

' in front of the axis of the vertical cylinder; (e) when 
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itbe axis of the horizontal cjlimler is J" in front of the H.xis of 
the vertical cylinder. 

2. Acylindrioal boiler shell 5 feet in diameter is surmonnted 
by a, cylindrical steam dome 3 feet, io diameter, the top of the 
latter being 5 feet 6 inches from the axis of the former. Show 
an elevation of the intersection of the dome and shell, and 
obtain the development of the dome. Scale n'^th. 

3. Draw the elevation of the intersection of a vertical 
cylinders" in diameter with a cylinder '2Jj'' in diameter, whose 
axis is parallel to the vertical plane, but inclined at 45' to the 
horizontal plane. The axis of the latter cylinder is J" in 
front of the axis of the former. 

i. A vertical hollow cylinder — external diameter 3", thick- 
ness "(S" — is penetrated bya horizontal cylinder 1" indiameter, 
the distance between their axes being '&'. Draw an elevation 
showing their intersection on a vertical plane, making an angle 
of 30° with the axis of the horizontal cylinder. 

5. Two cylinders lying on the groncd have the plans of 
their axes at right angles. The diameter of the one is 2" and 
of the other 2-1". Draw a plan. 

6. A cylinder, 2i" long and IV in diameter, is penetrated 
by another of the same length, bat of only two-tliirds its 
diameter. The axes of both ai^ horizontal and their plans 
bisect one another at right angles ; but the axis of thu 
smaller cylinder is ^" above that of the larger. Draw the 
plan and an elevation on a Y.P., which makes an angle of 30" 
with the asis of t!ie larger cylinder. 

7. A cylinder 2^" in diameter, asis vertical, is penetrated 
b)' another 2^" in diameter, having its axis inclined at 45° to 
the H.P. The axes of the cylinders are i" apart. Draw an 
eleration of their intersection on a gi'ound line inclined at 30° 
to the plan of the axis of the Gmallei* cylinder. 

8. A vertioil tube — outside diameter 3", inside diameter 
IJ' — bos a cylindrical hole bored through it 1^" in diameter. 
The axis of the hole is inclined at 45° to the H.P., ia i" froni, 
the asis of the tube, and its plan makes an angle of 25° 
X Y. Draw the elevation. 

9. A B, C D, and E F are three horizontal straight 13 
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a \", 1", and H" above tie H.P. respectively. The 
of A B and C D make angles of 30° with X T, and the 
plan of E F is perpendicular to X Y. The plana of the three 
lines meet at a point. Uet-ermiiie the projections of all the 
points which are distant 1;^" from each line. 

10. Draw a triangle, ABC; A C = 21", angle B A C = 
angle B C A = 50°. On the same base A C draw a triangle 
ADC; angle D A C = S5^ angle D C A = -W. Tbe points 
B and D to be on opposite sides of A C, which is on the ground 
line. A B is part of the plan and D C is part of tbe elevEi- 
tion of the axis of a cylinder, whose horiBontal trace is a circle 
'J." ill diameter. B C is part of the plan and A D is part of 
the elevation of the axis of a cylinder, whoso horinoutul trace 
is a circle 1^" in diameter. Draw the projections of the cnrve 
of intersection of the two cylinders. 

11. The horizontal trace of a cylinder is an ellipse 3" x 2'', 
whose major axis is inclined at GO" to X Y. The horizontal 
trace of another cylinder is a circle 2i" in diameter, whose 
centre in 3" from the centre of the ellipse, and at the same 
•distance from X T as the latter point. The axis of the firtit 
cylinder is inclined at S0° to the horiaontal plane, and its 
plan is in the direction of the major axis of the ellipse. The 
axis of the second cylinder is inclined at 45° to the horizontal 
plane, and its plan is at riglit angles to the plan of the axis of 
the first cylinder. Show the projections of tbo intersection 
of the two cylinders. 

12. A cylinder 2^" in diameter and a cone — base 2j" 
■diameter, axis 3" — stand on tbe H.P. with tbeir axes vertical. 
The centres of their bases are IV ■apart, and are in a line in. 
clined at 4-5° to X Y. Draw the elevation of the two solids, 
showing the line of intersection of tlieir surfaces. 

13. A cone— base 3'' diameter, axis 2f" — standing on the 
H.P., is cut by a horizontal cylinder 1^" in diameter, resting 
on the H.P. The axis of the cylinder is I" in front of the 
Axis of the cone. Draw a plan and elevation showing the 
intersection of the solids. 

14. Draw u. h'ne, a h, 3J" long, a is the centre of a circle 
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major asiB is in the direction of a h. The circle is the b< 
zontal trace of a vertical cylinder, and the ellipse i 
horizontal trace of a cone, whose vertex has its plan at 
tance of C" from Ji and 2|^" from a. The height of the vertex 
of the cone is 4^". Draw an elevation on a ground line in- 
d at 30'^ to a h. 

15. A cone having a base 21," in diameter, and an axis 
long, hs^ the latter inclined afc 60° to the H.P, A 
cylinder 1|" in diameter penetrates this cone. The axis of 
the cylinder is horizontal and perpendianlar to the axis of the 

(, and meets the latter line at a point 2^" from the vertex 
of the cone. Draw a plan showing the line of intersection ol 
the surfaces ; also an elevation on a ground line inclined 
50= to the plan of the axis of the cone. 

Ii3, Draw an ellipse 4" x 2|", v^c being th 
and h its centre. Draw 6 a perpendicular to v^c, and 3" long. 
With centre a desci'ibe a circle 2|" in diameter. Produce h a 
to meet the circle at i^i. The circle is the horizontal trace o 
le, having I'j for the plan of its verteK. The ellipse is the 
horizontal trace o£ a cone having (■, for the plan of its vertex. 
The height of V, ia 2^" and the height of V.j is 5". Show 
the plan of the intersection of the surfaces, and an elevation 
on a ground line parallel to a h. 

17. Two lines, ab,cd, each 4" long, intersect at right angles 
at a point 1" from a and I'' from c. These lines are the major 
axes of two ellipses whose minor axes are each 2jJ" long. 
The ellipsea are the horizontal traces of two cones. The cone 
having the eUipse c d for its horizontal trace, has the point h 
for the plan of its vertex. The other cone has the point il 
for the plan of its vertex. The altitude of each cone is 4". 
Draw the pliin of the cones showing their intersection ; also 
an elevation on a ground line parallel to the major axis of one 
of the ellipses. 

18. Draw two circles, 3" and 4" diameter, their centres 
being '4" apart. The smaller circle is the plan of a right 
cone, axis 2'S" long. The larger circle is the plan of a 
cone, altitude 18", having the plan of its vertex at a point 
1'2" from the centre of the smaller circle and '9" from that of 
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the larger. Both cones stand on the H.P. Show the inter- 
section of the two cones. 

19. Draw a triangle, sides l^". If", and 2". With tho 
centre of the circnm scribing circle anil ft radius of Ij" describe 
a circle. The circle is the plan of a sphere, and the ti-iaugle 
the plan of a vertical slot cut in it. Draw an elevation of the 
sphere on a ground line parallel to the shoi'teat side of tho 
triangle. 

20. The base of a pyramid standing on the H.P. is an equi- 
lateral triangle of 2" aide. The plan of the apex of the pyramid 
is at the middle point of one side of its base. Altitude 
2f". A sphere, 2" diameter, resting on the M.P., has the 
plan of its centre at the centre of the base of the pyramid. 
Draw the plan, of the solids and an elevation on a ground line, 
making 70° with that side of the base of the pyramid which 
contains the plan of its vertex, showing their intersection. 

21. A Mphei-e 3" diameter stands on the H.P. A square 
pyramid — side of base 2^", altitude 4^" — also stands on the 
H.P. The axis of the pyramid is ^" from the centre of the 
sphere. Draw a plan and an elevation on a V.P. parallel to 
tho plane containing the asia of the pyramid and the centre 
of the sphere, one aide of the base of the pyramid being in- 
eliced at 30° to X T. 

22. A snrface is generated by an ellipse 3'' X 2", rotating 
ahonfc its minor axis, which is vertical. A vertical cylinder 
has an ellipse 3" X 2" for its base, which is in the H.P. The 
centre of the plan of the cylinder coincides with the centre 
of the circle, which is the plan of the snrface of revolution. 
Draw an elevation showing the Intersection of these two sur- 
faces on a ground line, inclined at 40° to the major axis of tho 
plan of the cylinder. 

23. In fig. 1-57, a h, a'h' are tho projections of a surface of 
revoltttioD, The pointa n u' are the projections of the vertex 
of a cone, whose horizontal trace ia an ellipse i'' x 2f", of 
■which c d is the major axis. Show the plan and elevation of 

^tiie intersection of the two surfaces. 

right circular cylinder, 2.V' in diameter, and a right 
krcalar cone — base 2'f diameter, axia 3" — stand on the 
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horizontal plane witb their axes vertical, TLe centres of their 
bases are I3" apart, and are in a line iaolined at 30° to X Y. 
Draw the elevation of the two solids, showing the line of 
intersection of their surfaces. 

25. A sphere 8" diameter is cnt by a cylinder 1^" dianietei'. 
The asis of the cylinder (which is vertical) is J" from the 
centre of the sphere. Show an elevation of the sphere on a 
plane inclined at 30° to the plane containing the asis of the 
cylinder and the centre of the sphere. 

2G. A prolate spheroid, a meridian section of which is aa 
ellipse 3^" X 2i", haa its axis vertical. A second equal 
spheroid has its axis inclined at 5U°, and the npper eitreioity 
of that axis coinciding with the upper extremity of the axifl 




of the first. Draw a i)li(ii and an elevation on a ]ilane paral 
to the asea df the solids, showing their intersection. 

27. Determine the intersection of the solids gi' 
preceding exercise, when the axis of the second is inctined 
60°, and is moved backwards J" from the axis of the first 
npper extremitiea of the axes remaining at the same height 
from the horizontal plane. 

28. Fig. 158 shows the plan of a horizontal square prism 
intersecting a vertical hexagonal prism. The side of the 
hexagon is 1;^". Each prism is 3'' long and the axis of the 
square prism is IJ" above the base of the hexagonal prism. 
Draw au elevation of the solids on X T, showing their inti 
section. 

29. The plan of a right triangular prism interseoting < 
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vertical hexagonal prism, standing on the H.P., is given 
(fig. 159). The ends of the triangular prism are equilateral 
triangles of 2^" side, and its axis is inclined at 30** to the H.P. 
The length of each prism is 4^". The edge A B is in the 
H.P. ; side of hexagon 1^''. Draw an elevation on X Y. 

30. Fig. 160 shows the plan of a horizontal square prism 
and a pentagonal pyramid. The base of the pyramid and 
cue edge of the prism are on the H.P. Side of pentagon 
1-5"; height of pyramid 8"; length of prism 3". Draw 

Fig. 159. Fui. 160. 





the plan and an elevation on a ground line parallel to a h, 
showing in both projections the intersection of the surfaces of 
the solids. 

31. A solid is formed of two equal right hexagonal 
pyramids. Bases of pyramids IJ'' side, axes 3'' long. The 
axes of the pyramids cut each other at right angles at a point 
If from the vertex of each pyramid. One pyramid standi 
with its base on the H.P., and has one side of that base 
parallel to a horizontal side of the base of the other pyramid. 
Draw a plan of the solid and an elevation on a V.P., making^ 
an angle of 30° with the plane of the axes of the pyramids. 
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CHAPTER XYII. 

PROJECTION OF SHADOWa. 




Is a homogeneous tnediiim ligtt travelain straight lines, and 
in this chapter it will always be assumed that the medinm. 
through which the light passes is homogeneous. 

If nn opaque body be placed before a Bonrce of light, part 
of the surface of the former will be illuminated and tlie 
remainder left in darkness. Also a portion of the ligljt from 
the luminous body will be intercepted, and a portion of the 
space behind the opaque body will be in darkness. This dark 
space behind the opaque body is called the shadow of that 
body. The surface which bounds the shadow is the ahmhiw 
surface, and the line on the surface of the Opaque body which 
separates the illumined from the nnillumined part ia the shade 

It is evident that the shadow surface ia a ruled surface, 
and that its directrix is the shade bne. 

The intersection of the shadow surface with any other 
surface which it meets is the cad shadow of the opaque body 
on that surface, but generally the cast shadow is called simply 
the shadow. 

The outline of the cast shadow of an opaque body is 
evidently the cast shadow of its shade line. In geoeral the 
cast ehadow is best determined by first finding the shade line^. 
and then the cast shadow of that line; especially is this tiguLi 
case when the snrface upon which the shadow is cast is oth(^| 
than a single plane. ^B 

The rays of light may be parallel, or they may diverge 
from a point or converge to a point. If the light comes froin 
a great distance, as from the aun, the i-aya are practicallv 
parallel. If the light comes from a point, which is practically 
tbo case when the luminous body is very small, the rays 
diverge from that point in all directions. Rays of light may 
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be made to converge to a point bj nid of a reflector or a lena 
of a ni table form. 

It will always be assumed that tlie beam of light is large 
enough to embi-ace the whole of the object wboae shadow we 
wish to determine. 

L PROBLEM 146. 

Wfb defermins the cast shadow of a point. 

Draw the projections of the ray of light which ia inter- 
cepted by the giyen point, and determine the point of inter- 
section of the ray with the surface upon which the shadow ia 
cast. Thia point of intersection is the shadow required. 

It ia understood that any surface upon which a shadow ia 
cast ia an opaque snrfac«. Hence a point can only have one 
shadow with one system oE iliamination, and a ray of light 
which meets one co-ordinate plane cannot meet the other, 
althongh the line which represents it may have both a hori- 
zontal and a vertical trace. 

H PROBLEM 14?. 

^Po delennhie the cast shadow of a lijie, straight or eunied. 

If the line ia a straight lire, then, whether the raya of 
light are parallel or proceed from a point, it is evident that 
all those which meet the line are in the same plane, eo that 
the shadow cast by the line on any surface will be a portion 
of the line of intersection of this plane with the surface. The 
estremities of the cast shadow of the line will be at the cast 
shadows of ita extremities. 

If the shadow of the straight line ia cast on a single plane, 
determine the shadows of its extremities by the last problem, 
and then join them for the required cast shadow. 

If the line is a curved line, and the rays of light are 
parallel, all those raya which meet the line will lie on a 
cylindrical surface; but if the rays all proceed from a point, 
those which meet tho curved line will lie on a conical surface. 
The intersection of the fore- mentioned cylindrical or conical 
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surftice ■with the surface which receives the cast shadow ia 
t shadow required. 
Generally when the line is curved we determ 

IV by finding, by the preceding problem, the cast shadows 
[■ of points ia the line, and then drawing a fair 
B through these. 
The student should remember the following simple caae. 
The cast shadow of a circle on a plane parallel to the plane of 
the circle is a circle whose centre is at the cast shadow of the 
e given circle. The diameter of the circle which 
forma the cast shadow will be greater than, equal to, or less 
than the diameter of the given circle according as the raja 
of light are divergent, parallel, or convergent. 



I 



I 
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PROBLEM 148. 
To delermhiB tTte cast ehadou) of a solid having plane facsa. 

It is evident that one part of a face cannot be in light 
another part in shade. Hence the shade line must he made 
up of the edges of the solid. Those edges which make up the 
shade line can very often bo determined by simple inspection. 
If there is a doubt as to whether a particular edge is a portion 
of the shade line or not, draw the projections of a ray of light 
through any point in it, and determine whether it leaves the 
faces of which the edge in question ia the intersection on the 
same or on opposite sides. This is done by finding the traces 
of the facea and also the traces of the line which represents 
the ray of light. If both traces of the ray fall outside the 
traces of the facea, then the ray leaves the facea on opposite 
aides and the edge is a portion of the shade line. But if one 
or both of the traces of the ray fall within the traces of the 
faces, the ray leaves the faces on the same side, and tlie edge 
is not a portion of the ahade line. 

Having determined the shade line, its cast shadow, which 
ia the outline of the cast shadow required, can be determined 
by the preceding problems of this chapter. 

Instead of first determining the shade line wo migbi 
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determine the shadow cast by each edge, and then neglect 
those which fall within the boundary line of the fignre which 
is obtained. 

We might here point out that the cast shadow of an 
object is the ontlioe of a parallel or conical projection of it, 
according as the rays of light are parallel, or proceed from 
or to a point. 

PROBLEM 149. 
To determine iJie eJiadov) of a cylinder. 

The shade line will consist generally of two straight linea 
and two cnrred lines. The straight lines are the linos of 
contact of the tangent planes to the cylinder, parallel to tho 
rays of light or passing through the luminous point. 

Conceive a plane to contain these straight lines. Thia 
plane will divide each end of the cylinder into two segments, 
and the curved boundary line of one of these aegmenta on 
each end will constitute the cui'ved parts of the shade line. 
Those segments of tho ends which must be taken for the 
shade line will UBUnlly be evident from inspection. 

Iq the particular case where the rays of light diverge 
from a point within the surface of the cylinder produced, the 
shade line will be the outline of that end of the cylinder 
which is nearest to the luminous point. 

Having determined the shade line, the shadow cast by the 
cylinder on any given surface can be determined by Problem 
14/. 

PROBLEM 150. 
To determine the shaduu) of a cone. 

The shade line in this case oonsista generally of two 
straight lines and one curved line. The straight lines are the 
lines of contact of the tangent planes to the cone parallel to 
the rays of light or passing through the luminous point. 

A plane containing these straight lines will divide the 
base of tho cone into two segments, and tho curved boundary 
line of one of these will be the onrred part of the shade 



DESCJlIi'TIVE GEOMETHY. 

line. The segment of the base wbicli must be taken for the 
curved part of the shade line will usually be evident from 
inspection. 

In those cases where tangent planes cannot be determined 
parallel to the rays, or containing; the Inminona point, i.e. when 
the line which represents the ray of light which meeta the 
vertex paesea inside the snrfaceof the cone, the shade line will 
simply consist of the whole outline of the base of the cone. 



PROBLEM 151. ^B 

To detm-mine the shadow of a sphere. ^^ 

If the rays of light are parallel the shade line will be the 
line of contact of the enveloping cylinder, whose axis is parallel 
to the direction of the rays of light. This cylinder is de- 
termined by Problem 112, and its intersection with any given 
Bttrface will be the outline of the cast shadow of the sphere on 
that surface. 

If the rays of light proceed fi-om a point, the shade line 
will be the line of contact of the enveloping cone whose vertex 
is at tbelurainouBpoint. This cone is determined by Problem 
113, and its intersection with any given surface determines 
the oast shadow of the sphere on that surface, 



PEOBLEM 152. 
To determine tlie shadow of a surftice of revolution. 

This ia just an application of Problem 129 or Froblem }' 
according na the rays are parallel or divergent. 

EXERCISES. 

1. A square of 1" side is horizontal and V above the 
horizontal plane, one side being in the vertical piano, 
the shadows thrown by this square on the co-ordinat« 
Both projections of the rays of light make 45° with X Y. 



I 
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2. Draw a square, a'Vtfd', of 1" aide, the lowest side, a'h' , 
being \" above XY, Join a'l-'. o'6V is the elevation of a 
triangle whose plane ia parallel to, and 1" in front of, the 
vertical plane, d' ia the elevation of a point which is 2^" in 
front of the vertiuai plane. Determine the shadows cast by 
the triangle A B C on the plfinea of projection, the rays of 
light all coming from the point D. 

3. The traces of a piano both make 4-5° lyith the ground 
line. A circle 2" iu diameter, whose plane ia horizontal and 
1^" above the horisiontal plane, touches this inclined plane. 
Show the plan and elevntion of the cast shadow of the circle 
on the inclined plane, the rays of light being perpendicnlar to 
thut plane. 

4. Determine the shadow cast by a onbe of 1^" edge on 
the horizontal plane, its base being horizontal and 1" above 
the horizontal plane. The raya of Hght to be parallel to one 
diagonal of the solid. 

5. Determine the shadows cast by the following solids on 
the horizontal plane ; the raya of light being parallel and in- 
clined at 45° to X Y in plan and elevation. 

{fs) A hexagonal prism (edge 1", axis 1^"), axis vertical, 
base \" above the horizontal plane, and one rectangular face 
inclined at 10" to the vertical plane. 

(i) A tetrahedron, edge 1", base |" above the horizontal 
plane ; one side of base parallel to the vertical plane. 

6. A tetrahedron, of 1^" edge, has ita three loweat angles 
0-4", 1", and VA" respectively above the horizontal plane. 
Show the shadow thrown by it npnn that plane, asanniing 
the rays of light to be inclined at 4-5°, and their plans to 
make an angle of 45° with the horizontal trace of the plane 
containing the three given points. 

7. A hexagonal prism (base \\" side, height lit") stands 
on the horizontal plane, with one face inclined at 15° to the 
vertical plane. The nearest vertical edge ia \" from the 
vertical plane. Show the shadow thrown on the horizontal 
and vertical planes by raya of light whoae projections make 
4-5° with the ground line. 

' . Draw two squares of 1^" side, so that a, side of one co- 
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incides with a. side of the other. These sqi 
of a cabe and a right pyramid both stiuiding on the horizoi 
plane. Altitude of pyramid 2^". Determine the shadow oasl 
by the pyramid on the cube ; also the shadow cast by each on 
the horizontal plane. The raya of light to be inclined at 45°, 
and their plans to be parallel to the line joining the centre 
of one square with one of the farthest-away corners of the 
other. An deration to be drawn on a gi'onnd line parallel to 
the plan of a ray of light. In both views the parts of the 
surfaces of the solids in shade must be shown. 

0. Draw two hesagons of IV side, their centres being 
3^" apart and a diameter of each perpendicular to X T, One 
be.iagon is the base of a right prism, and the other ia the baee 
of a right pyramid. Both stand on the ground. Altitude of 
each solid 4". Detennine the shadow cast by the prism on 
tbe pyramid, and the shadows of both on the ground. The 
elevatious of the rays of light raake 60° and their plans 2U° 
with X T. In both plan and elevation the parts of the 
surfaces in shade are to be shown. 

10. A solid is formed by the junction of a right cone and 
a right cylinder. Diameter of tbe base of each 2'5'', axis of 
cylinder 3", of cone 1*75". Draw plan of solid when the base 
of the cylinder touches the horizontal plane, and the common 
axis is inclined at 59°. Add the shadow thrown by rays of 
light, making in direction an angle of 40° with the plan of the 
axis and having an inclination of 55°. 

11. A right cone, base 2" diameter, azis 25", has its baae 
horizontal, and 1" above the ground. Determine the cast 
shadow of this cone on the groand, the rays of light 
parallel and inchned at 50°. 

12. A cylinder, 2" in diameter and 2" long, lies t 
horizontal plane with its base in the vertinal plane, 
the shadow thrown by this solid oo each plane of projection 
by rays of light whose plans and elevations make 45° with 
the ground line. 

13. A right cone, base 3" diameter, axis 3'5", lies with 
slant aide on the horizontal plane. Determine its slii 
when the rays of light forming it are inclined at 43' 
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make in directioii an angle of 35" with the plan of the axis. 
The base of the cone to be in shadow. 

14. A cylindrical square-headed bolt has the following 
dimeoeiona. Diameter of shank 17'' ; length of shank 1'8" ; 
thickness of head '8" ; width of head 2*3". This bolt stands 
with its circnlar end on the ground and one face of the head 
parallel to the vertical plane. Determine in elevation the 
shadow cast by the head on the shank, and also that cast by 
the whole solid on the liorizonlal place. In plan the rays of 
light make 23° with the ground line, and in elevation 40°. 

15. Acylinder,l^" in diameter, lies on the horiaonta! plane; 
a cone — base 2'3" diameter, altitude 3-7'' — has its base on the 
liorizontal plane. Show the shadow of the cone thrown on 
to the cylinder by parallel rays of light inclined at 38° to the 
horizontal plane, their plans making 68° with the plan of the 
axis of the cylinder. 

16. A right circular cylinder, 18" diameter and3"5" long, 
stands on the horizontal plane. A plane inclined at 56° haa 
its horizontal trace 1" from the centre of the base of the 
cylinder. Draw a plan of the shadow cast by the cylinder on 
the inclined plane, and an elevation of it on a ground line 
making 52° with the horizontal trace of the plane. The rays 
of light are parallel and inclined at 55°, and their plans make 
40° with the horizontal trace of the plane. 

17. A sphere, diameter 2-5", stands on the horizontal 
plane. Draw the shadow on that plane projected by rays 
from a luminous point 25" high, and in plan distant 2'25 
from the plan of the centre. Show also the boundary between 
light and shade on the sphere. 

18. A sphere of 2'5" diameter rests on the horizontal plane. 
Its shadow, produced by rays of light diverging from a lumi- 
nous point, is a parabola, the distance between whose focus 
and vertex is ■75". Determine the position of the Inminons 
point, and draw a portion of the parabola. 

19. Determine the shadow cast on the horizontal plane by 
the solid of revolution given in Exerciso 23, Chapter XVI. ; 
also the outline of the shaded portion of the solid. The raya 
of light in plan and elevation make 45° with the ground line. 
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CHAPTER XVllI. 



MlSCBLLiKKOUS PKOBLEMB. 



1 



Trihedral Angles. — The anglo formed by three planes meet- 
ing at a point is called a, trihedral angln. The anglee between 
the lines in which the three planes intersect are the aideii or 
faces, and the dihedral angles between the planeB are the angles 
of the triliedral angle. Thus, in fig, 
'"g ' IGl, the three planes SLM, SMN, 

and SSL form at S a trihedral anijle. 
The plane angles LSM, MSN, and 
N S L are the aides of the trihedral 
angle S, and the dihedral angles be- 
tween these are its angles. 
' "'* If a sphere be placed with its 

centre at S, the three planes which 
form the trihedral angle will intersect 
the snrfaoe of the sphere in three great circles, which will 
intersect one another and form what is called a tpherical 
trUmgle. 

The sides and angles of a spherical triangle are the 
and angles of the trihedral angle which it snbtends at the ( 
of the sphere. Hence the solntion of a spherical triangle is 
jnst the solution of a trihedral angle. 

If from a point, {fig. 161), perpend ienlara P, Q, and 
R be let, fall on the faces S L M, S M N, and S N L of the 
trihedral angle S, these will be the edges of a trihedral angle, 
0, which has the remarkable properties that its angles arc the 
sappleraents of the sides of the angle S, and ita sides are the 
snpplements of the angles of the angle S. The trihedral angles 
and S are therefore called supplementary. The following 
notation is nsed to denote the elements of trihedral angles or 
of spherical triangles. The three angles are denoted by the 
capital letters A, B, C, and the three sides by the italic letters 
a, I, c, the sides a, h, and c hetng opposite the angles A, B, and, 
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= 180" - b 

= 180° - c 



(1) 



h' = 180° - I 



ftese equations may be put in the form — - 

\ (3) 



= ISO" - B' 
= 180° - C 



A ^ 180° - 
B = 180° - 



(2) 



. (4) 



K elementa of a trihedral angle 



respectively. The elements of the Bupplementary trihedrfll 
angle are denoted by the same letters accented : thua the 
angles are A', B', C, and the sides a', h' , i:'. 

The relations between the elements of two trihedral angles 
which are aopplementary niay he thns e 

^^^ Any three of the s 

given, the other three can be fonnd. There are in all six cases 
to consider : (1) Given the three sides. (2) Given two sides 
and the angle between them. (3) Given two sides and the 
angle opposite to one of them. (4) Given the three angles. 
(5) Given one side and the two adjacent angles. (6) Given 
one aide, an adjacent angle, and an opposite angle. 

By means of the properties of the snpplementary trihedral 
angle, cases (4J, (5), and (6) may be reduced to cases (1), 
(2), and (3) respectively. In solving case (4), find by case 
(1) the angles of the trihedral angle which has its sides equal 
to the supplements of the given angles, then tbe supplements 
of the angles found will be the sides required. Or we may put 
it briefly thus : Given A, B, and C, find from equations (2) a', 
h', and c' ; next, by case (1) find A', B', and C ; then by equa- 
tions (3) find a, h, and >:. 

In case (5) suppose a, B, and C given ; from equations 
^1) and (2) find A', h' , and c' ; next by case (2) find a', B', 
; then by eqnations (4) and (3) find A, b and e. 

In like manner case (6) ia reduced to case (3). 

In the next three problems cases (1), (2), and (3) are 
"red. 
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PROBLEM 153. 




Given, the three sides of a trihedral angle, to determine tlie tha 

Let one of the faces, I, lie on tbe horizontal plane, and let 
the other two, a and c, he constructed into that plane, as shown 
in fig. 162. Make SL^ =^ SL^. Draw L,/ perpendicular to 
S M, and Lji perpendicular to S N" to meet the former per- 
pendicular at I. Join S I. The three lines SI, S M, and S K 
will form the plan of the trihedral angle when the face (i is 
horizontal. 

We have here supposed the feces a and e to revolve about 
the edges S M and S N respectively until the lines S Lj and 




S Lj coincide. It is evident that the point Lj will describe 
an arc of a circle who.se plan is the straight line Lj? ; also the 
point Lj will describe an arc whose plan is h^l; and since 
L| and L^ are equidistant from 8, I will be the plan of the 
point where they meet, and S I the plan of the edge betwee 
the faces a and c. 

To determine the angles A and C, draw II,' perpendion 
to L, I, and 1 1^' perpendicular to L] I. With Q as centre, an^'J 
QLi as radins, describe an arc to cut ZZ/ at l^', andwithRas 
centre, and R L^ us radius, describe an arc to cut 1 1/ at Ij' ; 
join i,'Q and l^'R. f/Q I is the angle C, and l^'R I the « 



etweeQjH 

dicitlfl| 
re, ai^fS 
thRas 
at la' ; 
the ai^^^ 
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A. It is eyident that when the face a is brought into its 
natnral position, the line L^Q in that face will remain perpen- 
dicular to S M ; also the lino I Q in the face h is perpendicular 
to S M ; therefore the angle /['Q I, which is the angle between 
these lines, will meaBnro the angle between the faces a and 1> ; 
that is, the angle C. In like manner the aogle l^'Rl is the 

To find the angle B, draw Ii|M perpendicular to S Li, and 
LjN perpendicular to S h.^. With centre N, and radius K" L,, 
describe an ajc to cut S i at L3 ; join Lg to M and JS". M hJH 
is equal to the angle B. It is evident that, when the faces 
a and c are brought into their natural positions, the lines 
L,M and L^N lying in those fa^es will be perpendicular to 
their line of intersection, and therefore the angle between 
them, which is equal to the angle M LjN, will be equal to the 



PROBLEM 154. 

Qiven two sides of a trihedral angle, and the angle hekeeen Otem, 

to determine the third aide and the other angles. 

Let a and b be the given sides or facea, and C the angle 
between them. 

Constrnct the faces a and h on the horizontal plane, as 
shown in fig. 163. Draw Jj,l perpendicular to SM at Q; 
make the angle Z/Q I equal 
to C. Make Q /j' = Q L,, and 
draw l/l perpendicular to LjZ 
to meet the latter at I. Join 
S;. The lines SI, SM, and 
S N form the plan of the tri- 
hedral angle when the face b is 
horizontal. 

To determine the face 1;, 
draw I Lj perpendicular to S N. 

With centre S, and radiuB S L,, describe an arc to cut / Lj at 
L,. LoSN is the third face, c. 
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e determined 




The angles A and B a 
ceding problem. 

After the esplanation which has been given of the pre^ 
cediug problem, the student will have no difficalty in under- 
standing the theory of this one. 



PROBLEM 155. 



I 



Oiuen two aides of a trihedral angle, and the angle opposite to 

of them, to determine the third side and the other anglea. 

Let a and /' be the given facea, and A the given angle. 

As before, constriict the given facea on the horizontal piano. 

Take a ground line, X T, perpendicolar to S M. Prom M 
draw M R perpendicular to S N, With M as centre, and M E 
as radius, describe the arc RR^ to meet XY at Rj. Make 




the angle MB,V eqnal to the angle A. VN will 1 
vertical trace of the face c, S N being its horizontal trace. 
Now let the iace « revolve about SM. Since SM is per- 
pendicular to X y, the elevation of the circle described by 
L| will be a circle having a radina equal to ML,, with M 
as centre. Let this circle cut V'N at V. The line Z'M will 
be the vertical trace of the face a when it is in 
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position, and S M is ita horizontal trace ; therefore, if a per- 
pendicular be let fall from i' to X T to meet the latter at I, the 
line I S will be the plan of the intersection of the faces a, and 
c. Hence the lines S /, S M, and S N" form the plan of the 
trihedral angle when the face 6 is horizontal. The third face 
c is determined as in the preceding problem. The angles B 
and C are found as in Problem 153. 

As the ai'C L,!' will generally meet the line VN at two 
points, there are generally two eolutioaa for this problem. It 
is therefore caUed the ambiguous case. 

Solids inscribed in tlie sphere. — A solid ia said to be in- 
scribed in a sphere when all its augnlar points are on the 
surface of the sphere. 

In fig. 1G5 are shown constructions for finding the length 
of an edge of each of the five 
regular solids when inscribed ''"■■ '°^' 

in a sphere of given diameter. 

A B is the diameter of the 
sphere. Oa this a semicircle 
is described. 

Take AE = §rds of AB, 
and therefore B E ^ ^rd of 
A B ; draw E F perpendicular 
to A B to meet the circle at F ; 
join A F and B P. A F is the 
edge of the inscribed tetrahe- 
dron, and BF is the edge of 
the inscribed cube. 

C being the middle point of AB, draw C D perpendicnlai- 
to A B to meet the circle at D ; join AD. A D is the edge of 
the inscribed octahedron. 

Draw AG at right angles to A B, and equal to AB ; draw 
C G cutting the circle at H; join AH. AH is the ^ge of 
the inscribed icosahedron. 

Draw F K perpendicular to B P, and equal to half of B F ; 
join B K, and make K L = K P. B L is the edge of the in- 
acribed dodecahedron. 
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The following' facta ebonld be remembered. 

The plane containing one edge of a tetrahedron and ll 
centre of the circnm scribing sphere bisects the opposite e 
at right angles. 

A rectangle which has for its diagonals two of the 
diagonals of a cube is inscribed in a great circle of the circum- 
scribing sphere. 

The octahedron can be broken np into two square pyra- 
mids in three different ways, and if this solid is inscribed ii 
sphere, the square bases of all these pymraids will bo ii 
in great circles of the sphere. 



he sphere. A solid is said to o 
here to be inscribed in a solid, nhen 
all tangential to the surface of the 



Solids 
cumsoribe a sphere, or 
the faces of the solid 
sphere. 

A plane bisecting the angle between any two taces of 
solid passes through the centre of the sphf 

In the case of the five regular solids, the centres of 
insaribed and circumscribing spheres coincidi 



1 

) oir- 

f the 

] 



The cylinder, miie, and sphere in contact. If two cylin 
or two cones, or a cylinder and a cone, tonch one another, they 
will do so either along a straight line or at a point. If the 
cylinders and cones are surfaces of revolution, and tonch one 
another along a straight line, the line of contact and the axis 
of the^urfaces are in the same plane. When two cylinders 
touch one another at a point the common perpendicular to 
their axes passes through the point of contact. 

If a sphere touch a cylinder or cone, it will do so at a 
point, and if the cylinder or cone be a surface of revolntion, 
the centre of the sphere, the point of contact, and t 
the cylinder or cone are in the same plane. 

If two spheres touch one another, the point of cc 
the centres of the spheres are in the same straight Ii 
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PROBLEM 156. 



To d/raw the pnyectiotis of four spheres, each one tntiehmg the 

oilier three, and three of thevi restinij on the horizontal plane. 

Denote the sphereB or their centres by A, B, C, and D, 
the first three spheres being on the horizontal plane. Let 
their radii be j-j, -Cj, r^, and r^ respectively. 

1st. To determine the projections of the three spheres 
resting on the horizontal plane. 

If the centres of the apheres A, B, and C be joined, a 
triangle is formed whose sides are equal to the sum of the 
radii of the spheres taken two at a time ; that is, the sides will 
be equal to r, + r^, rj + r^, and r^ + j-,. The angular points 
of this triangle will be at a distance from the horizontal 
plane equal to the radii of the spheres ; that ia, equal to r^, rj, 
and r.,. Hence the projections of this triangle can be de- 
termined by Problem ?4. Then, having got the projections 
of the centres, the projections of the spheres can at once be 

We may also proceed as follows. Draw first the projec- 
tions of the sphere A, a, a' being the projections of its centre. 
The distance between the centres of A and B is equal to the 
sum of their radii ; the height of the centre of A is known as 
also that of B ; it is therefore a simple problem to determine 
the length of the plan of the line joining the centres of A and 
B. Hence the projections of the centre of B can be drawn ; 
let tliem. be h, b'. If the projections of the centre of C are 
(', !■', we can in like manner determine the length of it c, also 
the length of fc c ; therefore, if with centre a and radius u c an 
arc be described, and with centre h and radius h e another arc 
be described to cut the former arc at :■, the plan of the centre 
of C is determined. Hence the projections of the spheres 
A, B, and C can be drawn. 

2nd. To determine the projections of the fonrth sphere. 

The centre D of the fourth sphere will be at a distance 
T"! +Tf from the centre A of the first sphere, and at a distance 
Tf+Tf from the centre B of thesecond sphere. Conceive the 
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triangle A B D to rotate abont the side A B, which r 
fixed ; the point D would describe a circle which woatd be the 
locos of the centres of all the spheres, which woald touch the 
snr&ces of the spheres A and B, and have radii equal to r,. 
Draw the plan of this circle, which will generally be an 
ellipse. To determine the axes of this ellipse, take an auxiliary 
elevation of the spheres A and 6 on a vertical plane contain. 
ing their centres ; let ii''-,' be the ansiliary elevations of these 
centres. On Oi'fci' construct a triangle, a/h^'d.^', in which 
a|'Jj'^r| + r,, and ?'i'(/i'=^rj+r,. Draw d^'/>' perpendicular 
to ii'&i', meeting the latter at j'/. Draw pi'p perpendicular 
to a ^ to meet the latter at p. p Ls the plan of the centre of 
the circle, and is therefore the centre of the ellipse. Through 
p draw the major axis of the ellipse at rightangles to a ^, and 
equal to twice d^'pi'- Draw d^'d^ perpendiculor to ab, try 
meet the latter at d^. pd^ is the semi minor-axis. 

In like manner the plan of a circle is determined which 
is the locuB of the centres of all spheres equal to the sphere 
D, and which touch the spheres A and C. 

The two circles whose plans are thus determined will 
intersect at two pointa, one on each side of the plane contain- 
ing the centres of the spheres A, B, and C. The plana of these 
points are determined by the intersection of the ellipses, which 
are the plans of the circles, and their distances from the 
horizontal plane can be found by aid of one of the ansiliary 
elevations. 

That the circles which we have been considering cannot 
cross one another without intersecting is evident when we 
consider that each lies on the surface of a sphere whose centee 
is at A and radius equal to AB. 



Solve the trihedral 
elusive. 

1. <t =65°; 5 =50=; 

2. a = 7h=\ b =90°; 

3. a=4<j°; 6=5R°; 



EXERCISES, 
igles given v 





MISCELLANEOUS PROBLEMS. 



b = 65=; A =100°. 

B= 45°; C= 40°. 
3 = 120°; C = 12.:i=. 
A= 7U°; C = 10D°. 



11, Draw the plan of u cube, inscribed in a sphere of 3" 

diameter, reatiog on the horizontal plane. One angle of the 
cube to be at a height of 2'75" above the hoi-izontal plane. 

12. Draw a circle ZV in diameter, and fake a point, a, 1^" 
from its centre ; throngh a draw a line, a b, making an angle 
of 60° with the diameter of the circle paaaing throngh a. 
The circle is the plan of a sphere ; a is the plan of one angular 
point of a cube, and a b the indefinite plan of an edge of the 
cnbe. Tlie cube being inscribed in the sphere, complete its 

13. Referring to the preceding exercise, take a 6 as the 
indefinite plan ot an edge of an octahedron, a being the plan 
of one angular point, and complete, the plan of the octahedron, 
aapposiiig it to be inscribed in the sphere. 

14. Referring to Exercise 12; take a as the plan of one 
angular point, and a 6 as the indefinite plan of an edge of a 
tetrahedron inscribed in the sphere, and complete its plan, 

15. Determine the edge of a tetrahedron circumscribing a 
sphere of 2-5" diameter, 

16. V A B is aright triangular pyramid. ThebaseABC 
has AB = 25", BC = 275", AC = 2". Altitnde = 2-5". 
Determine radius of inscribed sphere. 

17. A cylinder, If ' diameter, lies on the horizontal plane. 
A point which is 2'5" above the horizontal plane has its plan 
1^" from the plan of the axis of the cylinder. Draw the 
plan of a sphere which, having the given point for its centre, 
touches the cylinder, and mark the point of contact, 

18. The axes of two equal cylindrical surfaces ai-e inclined 
in opposite directions at 25° and 50° ; the line perpendicalar 
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to both these axes ia 3" long, and inclined at 35". Draw the 
plan of the ejlinders, showing' the point of contact. 

19. Two line?, a b and (■<?, bisect each other at an angle of 
85°. a b is 4", and c d 3^" long. These lines are the plaoH of 
the axea of two equal cylinders. The heights of the points 
A, B, C, D, are 7", 2-8", 3-4", 4-5" respectively. Draw the 
plana of the cylinders. Toil need not show the ends. 

20. Mate an elevation of a pile of fonr round shot, 6" in 
diameter, three of them forming the base, and touching one 
aEOther, and the fourth resting upon them. (Scale J.) 

21. Three spheres, whose radii are "4", ■?", and 1-5" 
respectively, stand on the ground, each one touching the other 
two. Draw the plan of them. 

22. Draw three spheres fonching one another, radii being 
■25", '5", '75 respectively, and determine a fourth sphere, 
radius "6", to touch all three. The three may be supposed to 
rest on the ground. 

23. Draw a triangle, a t c (ab=2-6", bc = V6", ea = 
27"). A right cone is lying on its side upon the horizontal 
plane, b is its vertex, and a i is the plan of its axis, which is 
inclined at 25". The point e is the plan of the centre of a 
sphere, which also rests upon the horizontal plane, and which 
ia in contact with the cone. Complet-e the plan. 

24. The plans of three points form a triangle, a t c ; ah 
= 3i", bc = 2^", c a = 2^". The heights of the points A, 
B, and C are H", 4", and 2^" respectively. C ia the centre 
of a sphere 2^" diameter, and A B ia the axis of a cone which 
touches the sphere. Draw the plan of the cone, and show 
the point of contact. 

25. Explain in words how yon wonld determine a line to 
touch two given spheres, and have a given inclination. Next 
explain how yon wonld determine a cylinder to tonch t wo 
given spheres, and have its axis inclined at a given an 



CHAPTER XIX. 

TUEOBY OF PliBSJ'ECTlVE. 

The difleronce between ferepedive, conical or radial projection, 
and orthographic projection is that, instead of the projectors 
being all perpendicalar to the plane of projection, they con- 
verge to a point. 

The perspective projection of an object represents it as it 
wonld actually appear to tho eye of an observer when placed 
at the point to which all the projectors convergo. 

The plane of projection may be eitaated anywhere pro- 
vided it meets all the projectors, but it is generally assumed 
to be placed in a vertical position between tho eye of tho 
observer and the object, and perpendicnlar to the direction in 
which the observer is looking. 

Ficture Flane. The plane of projection is called the 
piclure plane. 

9lalio7t Point. The point to which all the projectors con- 
verge is called the gtation point. 

Method of drawing a perepective projection. One method of 
drawing the perspective of an object is as follows : — Firet, 
draw the orthographic projections of tho object, station point, 
and picture plane, so that the latter is perpendicular to the 
ground line X T, as shown in fig. 166, which shows the method 
applied to a square prism resting on the ground. 

Draw the plans and elevations of tlie conical projectors 
V A, V B, Ac. From V draw V C perpendicular to the 
picture plane. 

Take any convenient part of the paper npon which to draw 
the perspective. Mark a point, C, and draw the horizontal 
line H C, and the vertical line C P. Find a point. A', so that 
its distance from H C is equal to c'a', and its distance from 
C P equal to c a. A' will be the perspective projection of the 
point A. In the same way find the perspective B' of B. 
A'B' is the perspective of the line AB. In like manner the 
perspective projection of all the lines of the object may be 
determined. 
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Genlre of Vision. The point C, the foot of the perpendicular 
from the station point to the pictnre plane, is called the cerUre of 
vision. It will be observed that the centre of vision is the or- 
thographic projection of the station point on the picture plane. 

Horizontal Line. The horizontal line, drawn on the pictnre 
piano, through the centre of vision, is called the horizont 
line. 



Ground Line. The intersection of the picture plane with 
the ground ia called the ground Ufie, picture line, or bige line. 

Vertical Plane. The plane perpendicular to tlie ground, and 
containing the station point and centra of vision, is called 
iiertical plane. 

Vertical Line. The line of intersection of the vertical 
picture planes is called the vertical line. 

The method illustrated in fig, 166 can be very mncb ab- 
breviated by an application of the principles eiplained in the 
remainder of this chapter. 

If V ia the ilation point, G the centre of vinon, P a ijim 
point, p' iU orthographic projection on the pielwre plane, anil V 
tit pertpective, then C F : P'ii' :: C V 1 Vp'. 
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For CV and Pji' are each at right angles to the picture 
plane M N (fig. 167), and are therefore parallel to one another. 
The points YCp' and P are in one plane, and VP'P ie a 
straight line ; therefore P is in the same plane with the points 
V Cp' and P. But C P' and p' are in the picture plane ; 
' therefore C P'j»' is a straight line. 




> two triangles V C P', P>'P, the angle 
V C P' is eqnal to the angle Pp'P', each being a right angle ; 
also the angle C P' V is e<ina! to the angle p'P'P, and the angle 
y'PP' ia eqnal to the angle C VP' ; therefore the two triangles 
are similar, and C P' : Py :: OV : Pp'. 

To find the jierspeetive of a. point. 

Let C be the centre of vision, p' the orthographic pro- 
jection of the point on the picture piano. On the horizontal 
line CH make CD equal to the " p^,^ ^^ip 

distance of the station point from 
the picture plane. Draw jj'K 
parallel to C H, and make jj'K 
equal to the distance of the point 
P from the picture plane. Join 
DK and p'C. The point P' 
where those lines intersect is the perspeotiye of the point 
P. For, comparing figs. 167 and 168, C D is equal to C V, 
and ji'K is eqnal to V p' ; and in fig. 108 it is evident that 
CF :Py :: CD:yK; therefore CF:Fy' :: CV;P;>'. 
and therefore P' is the perspective of the point P. 
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Point of Distance. The point D, fig. 168, is called the 
point of distance. 

The position of a point in space is given by stating its dis- 
tances from the ground and picture planes, and its distance to 
the right or left of the spectator. 

Example. To fmd the perspectives of the follovoing points : — 
A 1" to tlie right of the spectator, IJ" a^ove the ground, and 2" 

behind the picture plane. 
B ^" to the left of the spectator, 2 J" above the ground, and 1^" 

behind the picture plane. 
C 1^" to the left of the spectator, on the ground, and J" behind the 

picture plane. 
D 2" to the right of the spectator, 2" above the ground, and in 

the picture pla/ne. 
E in front of the spectator, J" above the ground, a/nd 2^" behind 

the picture plane, 
E in front of the spectator, on the ground, and in the picture 

plane. 
Distance of station point from picture plane 3". Height of 
station point from ground If. 



Fig. 169. 




The construction will be understood from the figure. It 
will be noticed that the perspectives of the points D and P 
coincide with their orthographic projections on the picture 
plane. 

The perspective projections of parallel lines converge to a 
point. 
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Let P'Q', R'S' be the perspeotives of tlie parallel lines 
PQ, RS rcapectively. 

Let V T bo drawn parallel to P Q or R S, and, if it meet 
the picture plane at all, let it meet it at T. V T will be the 
line of intersection of the planes P Q V, R S V. 

Since each of the points P', Q', and T are in the pictnre 
plane, and also in the plane P Q V, they must all He on the 
intersection of these two planes ; therefore P', Q', and T are 




in the same straight line. Similarly, R', S', and T are in one 
straight line ; therefore P'Q' and R'S', the perspectiveB of the 
parallel lines P Q and R S, converge to the point T. 

Yaniskmg Point. The point towards which the perspectives 
of parallel lines converge is called the Banishini/ point of these 
lines. 
W The following particnlar cases are worthy of notice: — 
H a. When the lines are perpendicular to the picture plane, 
pr T will also be perpendicular to that plane, and "T will coincide 
with the centre of vision. Thus the pempectives of lines which 
are perpendicular to the picture plane converge towards the centre 
of vision. 

. When the parallel lines are parallel to the pictnre plane, 

PT will also be parallel to that plane ; therefore T will be 

infinite distance from V — i.e. P'Q' and R'S' converge 

^ards a point which is infinitely distant, therefore tbej must 

B parallel. Thus the perspectives of parallel lines wJiich are 

B paralhl to the piclttre plain are parallel. 

c. When the parallel lines are horizontal, V T will aleo be 
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horizontal ; therefore T mast lie on the horizontal line — i.e. 
tite perspectives of parallel horizontal linei converge iowardt a 
point on the horizontal line. 

il. When the parallel lines are parallel to the vertical plane, 
VT will be in the vertical plane; therefore T will be in the 
vertical line — i.e. the perepeetivee of parallel lines which are at 
parallel to the vertical plane converge Imeards a point on t 
■eerlical line. 

B. The pergpeclives of vertical lines are parallel to the » 

/. The perspectives of horizojital lines wMcJi are paraUt 
the picture plane are parallel to tlie hirizontal line. 

g. Wben the lines are horizontal and inclined at 45° to tl 
pictnre plane, VT will nleo be horizontal and inclined at 4613 
to that plane ; therefore T will coincide with the point of dis^ 
tance. Hence the perspectives of horitmital lines which are *«- 
cUned at 45° to the picture plane converge towards the point of 
distance. 

To determine the vanishing point of a line. 
Take the picture plane and the horizontal plane containing 
pj,, j.j the station point for the co- 

ordinate planes, and on these 
draw a plan, a h, and eleva- 
tion, a'h', of the line whose 
vanishing point is to be 
foDiid. H C, the horizontal 
line, will be the gronnd line 
for this plan and elova- 

Ifake Ov perpendi 
to H C, and equal to the 
tance of tho station point 
ill be the plan of the station 



3lova- 



from the picture piano, 
point, and C its elevation. 

Throngh v draw k t parallel to a h, meeting H C at (. 
Through C draw C T parallel to a'h' to meet the perpendicular 
from i to H C at T. The point T is the required vanishing 
point. For T is the point in which a line throagh tho station 
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point parallel to the original line A B meets the pictnre plane ;. 
therefore it is the Taniahing point of that line. 

If the original line is horizontal, C T will coincide with 
E C, the horizontal line. Therefore T is on the horizontal 
line, and the plan vt makoa an angle with the horizontal line 
equal to the inclination of tho ori- ^^^^ ^j,^ 

ginal line to the picture plane. 

In this case, which is tho niojit " ^ 
common in practice and tho only one ^ 

considered in elementary works on 
perspective, the construction becomes , 

as follows :- -Draw n K parftllel to " 

H C, and draw v T, making the angle K t T equal to the 
inclination of the original line to tbe pictnre plane, meeting 
the horizontal line at T. The point T is the required Taniah- 
ing point. 

To ntarh off a given length on a given line from a given point 
TO it. 

Let S T (fig. 173) be the perspective of a line whose trace 
on the picture plane is S, and whose vanishing point is T. 




I, V ia the plan of the station point, and v I the 
plan of the line which passes through the station point, and 
is parallel to the line of which S T is tho perspective. 

With centre / and radius t v describe the arc v V^ meeting 
H C, the horizontal line at V^. T Vj ia the real distance of 
i]i(> vanishing point T iTX)m the station point. Through T draw 
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T P parallel to H C, and with T as centre, and T Vj as ri 
■describe the arc VjP. 

Draw S M parallel to H C. Join P with A', ttie perspec- 
tive of the given point, and produce it to meet S M at L. 
Make L M equal to the given length. Join P M, meeting S T 
at B'. A'B' will be the perspective of a portion of the given 
line which will be equal to the given length. 

The construction is ranch simplified when the original line 
la horizontal, for thou T ia on the horizontal line and j 
eqnal to the true distance of T from the station point, 
-constrnction in thia case is shown in fig. 174. 



m 




The theory of the construction shown ia figs. 173 i 
174 will be understood by reference to fig. 175, which shov 
a perspective view of the ground and picture planes, and || 
the lines of fig. 173 in their natural positions. 

In figs. 173, 174, and 175, the same letters are uaed| 
denote the same points. V is the station point ; S A B 1 
given liDe ; T its vanishing point, and S its trace ( 
picture plane. V T is parallel to S A B, and the perspectives 
of all lines which are paiallel fo SAB or V T will pass 
through T, as already explained and illustrated by fig. 170. 

Similarly the perspectives of all lines which are parallel 
to V P will pass through P. !Now A L and B M are lines 
whose perspectives pass through P, therefore AL and Bit 
are parallel to V P. Hence, since S B is parallel to V T, and 
B M to V P, the angle S B M is equal to the angle T V P. 

Again, since S M is parallel to T P and B M to V P, the 
angle S M B is eqnal to the angle T P V. Bnt T P is et^nal 
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io T V, therefore the angle T V P is equal to the angle T P V, 
4md therefore the angle S B M is equal to the angle SMB. 
Hence S B is equal to S M. Similarly S A is equal to S L, 



Fig. 175. 




iiherefore AB is equal to LM. But LM is a line in the 
picture plane. Therefore if L M be made equal to A B, the 
-construction shown in figs. 173 and 174 will give the per- 
spective A'B' of the length required. 

Measuring Point, The point P in the three preceding 
figures is called the measwring point, for the vanishing point 
T. It is evident that each vanishing point can have two 
measuring points, one to the right and another an equal 
•distance to the left. 
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1. The station point being 5 feet from the ground and 12 
feet from the picture plane, show the perspectives of the 
following points. Scale ^ inch to a foot, 

A 10 feet to left of spectator, 5 feet within picture, and 2 feet 

above ground. 
B 7 feet to right of spectator, 3 feet witliiu picture, and 4 feet 

above ground. 
C 9 feet to right of spectator, 9 feet within picture, and 9 feet 

above ground. 
D 8 feet to left of spectator, 12 feet wifhin picture, on ground. 

2. The height of the eye is 6 feet, and its distance from 
the picture plane 13 feet. Draw the perepectives of the 
following lines to a scale of ^ inch to a foot. 

A B, 5 feet long, perpendicular to the picture plane, and <> 
fe<^t to the right of the spectator ; the nearest end being 2 feet 
within the picture. 

C D, horizontal and parallel to the picture plane, 1 foot 
irom ground and 1 foot within, one extremity 1 foot to the 
right and the other estremity 5 feet to the left of the spectator. 

i] F, vertical, 9 feet long, lower end on ground, 6 feet to 
left and 2 feet within. 

3. Join the middle points of the perspectives of the lines 
given in the preceding exercise, and determine the true form 
of the triangle of which the triangle formed in this way ia the 
perspective. 

4. Height of spectator 5^ feet. Distance of spectator 1-1 
feet. Scale ^ in. = 1 foot. 

Put into perspective a square of 3 feet side when in each of 
the following positions:— 

(a) Lying on the ground, with the front side parallel to 
the picture plane and 1 foot within, the nearest) corner being 
2 feet to left of spectator. 

(b) I^ing on the ground, with the nearest comer I foot 
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to right and 1 foot within. A side containing the nearest 
corner to mate an angle of 30° with the piotnre plane. 

(r) Its plane vertical and inclined at 50° to the picture 
plane. The nearest side to be iii the picture plane, and " feet 
to the riffht of the spectator. 

(^0 Its plane parallel to the picture pliine, and 5 feet 
witliin. Nearest side vertical and 6 feet to left. Lower end 
of nearest side 3 feet above ground. 

5. Place the following solids in perspective: — 

(tt) A cube of 2-inoh edge with one face on the ground, 
nearest vertical edge 4 inches to left and 1 inch within ; a 
face containing the nearest vertical edge being inclined at 60" 
to picture plane. 

(&) A hexagonal prism — base 1 J inch aide, axis 2 J inches — 
has one rectangular face on the ground. The axis is inclined 
at 65° to the picture plane, and the nearest end of the axis is 
5 inclies to right and 1 inch within. 

Station point 3 inches from ground, and 6 inches from 
picture plane. 

6. Show the perspective projection of a circle 2" diameter 
in each of the following positions : — 

(a) When ita plane is horizontal, and its centre 3" to right, 
2^" within and 1^" above the ground. 

(h) When its plane is perpendicular to the ground line, 
and its centre is 2V to "ght, 3" within, and 2i" above the 
ground. 

Height of ej-e 3V. Distance of eye from picture plane 
Gl". 

7. A nut is of tlie form of a hexagonal prism- - side of base 
1'7", axis 1'7" — with a cylindrical hole through it 1-7" in 
diameter, the axis of the hole coinciding with the axis of the 
prism. The base of the prism is on the ground and the 
nearest vertical edge is in the picture plane. A face con(«,iii- 
ing the nearest edge is inclined at 8" to the picture plane. 
The height of the station point is to be 3-5", it is oppoait* the 
centre of the nut, and its diatance from the picture plane is 
6'6". Make a perspective view of the nut. 

8. What mast be the position of a circle with respect to 
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the picture plane, &c., in order that its perspective projection 
may be a parabola. Ulustmte by a diagram. 

9. A sphere will always appear as a circle from whatever 
point it is looked at. The perspective of a sphere may, how- 
ever, be an ellipse. Explain the reason of this apparent con- 
tradiction. 

10. A square pyramid (side of base 2*6", axis 3' 5") lies 
with one face on the H.P. The nearest corner of that face 
(the vertex) to the picture plane is '6" away, and the vertical 
plane which contains the axis makes an angle of 30° with the 
picture plane. Draw its perspective projection, taking the 
other conditions at your pleasure. 
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Examination Paper on Practical Solid Oeomeiry, sot by the 
Science and Art Department, May 1883. 



fiECOND STAGE OR ADVANCED EXAMINATION.' 



Only tiffht queatio: 



■e to be attempted. 



Solid Geometry. 
. Keprasent — 

a. A line inclined 35° ta both planes of projection. 

6, A plane at right angles to both planes of projection, and 

a line prpendiculai to it. 
c. Two planes at right anglea to each other and to the 
YBrtical plane of projection. (35.)' 

["2. Determine the intersection of tlie given line s't', at witJi the 
given plane. (14.) 

"3. The given figure represents a pickaxe; a and 6 rest on the hori- 
zontal plane ; the plane of the figure is inclined at 65°, Draw 
the plan and an elevation on a grotuid line which makes 35" 
■with a 6. (24.) 

I 4. Draw the plane of a right cone and a right cylinder which touch 

each other. Any positions may be chosen. (26.) 

PB. From the given point p drop a perpendicular on the line joining 
q and r. (Unit 0-1".) (24.) 

For the Elementary Paper see Appendix to Part I. 
The relative values of the questions are given by the niimbera in 
lets at the end of each question. 

Qaestions marked (*) have accompanying diagrains. The diBgrnms 
been reduced to about Jths of the size which they appeared in the 
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*6. The two giTen lines a b,ed in the horizcnital pUne are the bases 
of two isosceles tnuigles abKyCdK, which haTe a common 
yertexR The height of the triangle a 6 £ is 2}". Complete 
the plans of the triangles and draw their eleyations on a line 
panJleltoae. (24.) 

*7. Determine the points in which the giren line cuts the given 
sphere. (24.) 

*d. A B is the plan of a horizontal ridge piece 11'^ deep.^ C D is the 
plan of a rafter 7^' deep, batting ap against A B, and inclined 
at 40^ to the horizontal plane. Betermine the true farm of the 
end of C D where it rests against A R Make a sectional eleva- 
tion on PQ. (28.) 

*9. The given figures represent a Inrdcage. Suppoong it to stand 
on the horizontal plane, draw an elevation on a plane making 
37^ with the long sides of the base. Make a section by a 
vertical phine which bisects one long and one short side of 
the base. (dO.) 

*10. Make an isometric view of the birdcage, looking down on the 
top. N.B. — An isometric scale is not to be used. Lengths 
may be transferred direct from the given figures on to the 
isometric lines. (30.) 



HONOURS EXAMINATION. 
Only eiffht questions are to be attempted. 

Solid Oeometry. 

*\, Two equal circular discs, ah, cd, roll on the horizontal plane, 
turning about a horizontal axis ef. The axis ef turns on a 
vertical spindle ff h. Draw the elevation on a vertical plane of 
one loop of the curve traced by a point on the circumference 
of one of the discs. (55.) 

♦2. Draw the projections of any two spheres of IJ'' diameter 

* In the examination paper the figure to this question was drawn to 
the scale of ^th. 

II. K 
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Pig. 177. 
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which touch the given plane and both planes of projection. 
How many spheres are there which will fulfil these conditions? 
(40.) 
. A portion of the plan and elevation of a vertical right prism ifl 
given. Determine the length of the shortest line which can 
be drawn on the surface of the prism from the point a a' 

lit-), 

. From the given point s *" on the given line a b, a'V, draw a i 

2J" long to meet the given line cd, c'd. (*^)' 

, The plan of a right cone resting on the horizontal plana ia given. 

Determine the indei of the point, of which p ia the plan. Draw 

the plan of a sphere of 2" diameter which touches the (riven 

e at this point. (Unit O-l".) (50.) 

'■ Determine the points of intersection of the given line and 

cylinder. (Unit 0-1".) (45,^ 

'. The given right square pyramid standing on the horizontal plane 
is penetrated by the given right cont. Draw the elevation of 
terseotion on -4 B as ground line. (Unit 0-1".) 
(60, ) 
I, The projections of an open box are given, and also those of the 
rays of light E R'. Draw the shadow cast by the box on the 
horizontal plane, and show the shaded poittonsof the boxin in 
y as ground line. (66.) 

'. AB \i the shadow cast by the line n6 on the horizontal ptttw. 
e the inclination of the rays of light, and aim tks 
index of the point 6, (Unit O'l".) (40.) 

I, Make a perspective of the given doorway,' the station point to be 
6''0"Bbovfl the ground and 20' "0" from the picture plane. 
The plan of a portion of the principal visual ray is given. 
(65.) 



' In the exajnination paper the figure to thiE question was drawn 




IsTOVElSISEia 18S3. 

GENERAL LISTS OF NEW WORKS 

FUBU8HBD BT 

I Messrs. LONGMANS, GEEEN, & CO. 

PATERNOSTER ROW, LONDON. 



HISTORY, POLITICS, HISTORICAL MEMOIRS, &c. 

AniDld^i LectaTEfl on Modern Hiatory, Bto. 7i, Sd, 

Ha^flhDt'a LltenuT Btodls, edlt^ ^ Eattoo- 2 Tola, Sto. SSj. 

Tliin Iiilirii (Lord) SpesotiEe, by Sebbel. S Tots. Svt. S2j. 

Bnamton & LeroT"! HIatotio Wlnolieat*r. Crown Sto. ei. 

BncAdtfB HlBtco7 of OlTiliBUiOD. 3 vob. mown Svo, 2U 

ObeBwr^ WBterlM Leotnna. 9va.lBi.Sd. 

Oa'i (Bli G, W,> Heneml Elalflry of Greece. Crown Svn. Unps, Ji, fii?. 

BtylB"" HngHBli In America. Svo. ISj. 

Dim*H Arm'fl'^" Food and FmmlDg. Cro^n 3to. IDj. Si. 

nmlis of AnoieDlElBtoTT :— 

- ■ ■ OraocM, Marim, and Sulla. 3s, M. 



Cnitds'B Biae of the ^focedoiiian Bmplre, ?. 
by tbs GaulB, Sj 

BvibfiJ'a S^Hirtan .. _.. _ 

Bmitti'a RomD and Oarttiage, tha Punlo Wan, 34 
lisk Hlntory, complets In Odo Volume. Fop. St 
Brownlnc'B ModfiTTj Bnf laud, 1B^0-Ift74, id. 
OleieliUa'a Shilling Hlator; oC Bnglaad llnCiod 

OnlgbLon's (Mra.) Bngland a OontlnenCal Power, 1DS6-I91S, 9d. 
CTelehCou'a (Bev. U.) Tudois aod [be BefamAUon, 1486-ieai, Rd, 
Gsldlner'a (Urs,) Stmggle sgalnet Abeolnle Uonucti;, ItDS- 




nstor; Tolnme). 



Bowloy'B Klsa of tha FooplB, 1!16- 
Bowley'i 3ettlenienli oT tbo ConfU 

Xork-FoweU's flarly Bogland U> H 
I Bpooba of Modem Htatory ;— 

Obon^^B Beglnidiig of tbe Middle 
Ooi'B CrnsidH. 3i. id. 
Ordgbtou'i Age <d BIbabeth, ]t. G 



jna-ican A BsropMU 
a OimqasaE, 1i. 



London, LONQSIANS & CO. 



iieoeral Listi of Sew Worki. 



— (Mr»,1 PrenehKeiolaBou, 17S9-irM,Jj.6A 
Hite'i lUI of the Blnarta, ii. 6d. 
Jobiuon'e Konaaofl in Bato]w. 2t. ed. 

LongnuD'a Fredertr^ the Qrsnt uid tbe Sevm Xsug' Wu, i 
^HUow^ Wu of American Jiideppu^^eiitx, 2t. id, 
irOuthr'B Epoch ol Betocm, lasD-ISSD, &. 6d. 
Uoirii'i Age of Queen &Dne« Sj. bd. 
Sestwtaia'i ProlsUuit BovDludoD, U. ti. 

II., ij. SJ. 

:h Ceiitmy. a mil cmwi 



— OocUna uC EDgllBh HlstDcj>, B.C. GS-1^. 18S0. Fcp. Bra. 3>. id. 

SnTllIe^l jQurnBl Dt thsit£lgBiaf GkhshIV. k WllUam IV. d toIi. Bto. Mi. 

lickT'n Hteiory nt BuKlauiL Vola.I. lilLlTOO-lJaiJ. Svo-ISi. TDU.in,llIV. 



ol RogUnil. Bto. IEj. 
d ra. » TCOfc 870. )8<. 
UUKtOnye CompleU! WarkB. Utirary Bditicia. g toIi. 8vd. £i. Bi. 

— — — Cnblnat Zdition. IB vols, orana Sro. £4. 1«j. 

^^ Hbitory of Englnnd :— 

Btadaaf^ KdlHoii, 9 r.Oa. uc. 8m. 111. { CiiMiitt BdJKan. 8 vdla. pose 8T0. ' 
Feople'a BdlUon. 4 vols. or. gvo. ISi. { Ubnixy Bdltlon. fi toIj. avo. £4. 
Ill Bdltlan. Craiin Sto 3i. i 



'.8yo.8». ' I 



JAimrg Bdlcioo. 3 ■ 



Ifiiy'i OouHdtDtiDiiBl HlfUiTT oT Boglaad, ITBO-ISIO, 9 vola. ocawn 8ni. 18l 



UBrfiaU^B FhU of Uie RDmaa Republic 13iuo.Ti.Sd. 

Bttuaral Hiatorj ol ELoiue, B.C. ?SS— ij). 4'6. Ctoi™ Bm. 7( 
HJalor/ of iJin Etumaoa under tLe Empli^ 8 vols, post Bto. 
Porter's Kniebn of llrdta. S7o, !!.-. 

'linwa'i Andeot Egypt. 3 vols. 8ro. S3i. 

— ae»euin Qreai Ot!ant»l Moonrohy— The Hawmiun. Bto. 

ohtD'a Oitoid Batotmers— Cole:, Kraamoa, & Mora. Bto. 141. 
BliDTf ■ Hlibicy ol tha Ohnroli ot Snglnud. Orown Snt. Tj. (d. 

th'iOtrtlugeaiidCheCBrttuglDlaDB. Crown Bvo. iaj.M. 
^hflor'B JIuiniJ <d Ib« Elecory of India. Drowo 8va. It. M. 
~ mlinn's Bulj Blitary of CbulH Juinea Fox. Grown Bra. St. 
WiUpoIe'B Blitoi? at Eoglud, IBIS-IBU. S vob. Bto. £3. 14i. 

London, LOSGIIAITS te CO. 






Oenerftl Listi of Hot Works. 

BIOGRAPHICAL WORKS. 

BlgehDf B Biognpliic^ Studies. 1 toL Sto. 12j, 

BbIu'i Blogisphy ot Jsmis Ulll. Crown Svo. PorUsIC, E(. 



Ibta'iDlcIloiuuyDCaeiieciilBlDgnph;. Medium Sto. SBi, 

— Thonui OttTlylB. VqIs. I Sc s, 17B0-JMa. Sto. with Poitr^ta and 

aielg'a Ufa dE Ibe Dob! ot Wellington. Crown Bra. Bi. 

HftlU««ll-PhUllpcCa OatllD«3 of Sbakespaue's Lite. Sro. 7>. U. 

KoestUn'a TJlQ tp£ ilartin Liitbet. ttonslntpd from the German, iiltli 40 Uliis- 

Ifck/a Leidoi oC Fobllo Opinioa In lielAsd. Grown 8to. 7i. 6d. 

TJfa (Tbe) end Letters of Lord Mmanlfty. By hia Nephew, O. Otto TnTBlrui, 

U.F. Populsi Kltjon. 1 yah crown ava. Si. Catlnet Bdltlon, % toIb. post 

8to. 13i. IJln«i7 Bdllion, i vols. 8»o. itt. 
Munhnun'a UemoltB of Bavelock. Grown 8to. Sj. M. 
Uemolr or AiJgnatns De Uorgui, By bis Wife. Bto. Ui. 
UmddEsohn'a Lettffis. TianslBbil by I^dy WsUbcb. 2 vols. cr. Bto. Si. euti. 
urn's (John Btnart) AntDbiograph;. 8to. Ii. Sd. 
Moiley'B BeminLwcnoM of Oriel College. S Tola, crown Sto. IS/. 
Kewman'B Apologia pro VltH Soft. Crown Eto. Sf. 
Onnan'gLifefcc.otWmiaiDLaw. Std.I&i. 
BkobeleH b tlie SIbtobIo Cnufc. By O. K. Bva. PortraEC, 14i, 
Bonthey's Oorrc«pondenoa with Caroline Bowloa. Bvo. 1*«. 
epedding^ Letters and UCa ol Fnnda Baooa. 7 rOU. Sto. £1. w. 
Stepben'B bafi In EcoIeelBatlciU Biography. Grown Std. Ti. 6d. 



„, the BdgllBli Conatltallon, 1§3(1-1S80. Crown 8i 

_ Fihnerof theBogUatiCoBBtltatloD. OrowD Sra. Si. 

Bacon's Beeaja, wllh Annotttiona hs Whntdj. Bvo. I0». M. 
— WockB, ediled by Speddlng. T Tola, Sto. I3>. Bd, 

BBgetuifB Hoinonilc BtudJen, edited by HntCoa. Sto. lOi. Sd. 

Bain*! Loglo, DednctlTO and Inductive. Crown Sto. lOi. Bd. 

Past I. Dedoctlan, U. | Faht n. Induction, Si. sa 

BoDand h ling's Arfatotle'a PoUtlea. Grown Sto. 7j. 8d. 

SnnfB BChl<B at Aristotle ; Ors^ Text. BnRUah Notes, 1 toIb. Sto, I 

Hodgson's Pkilosophy ot Kcflootion. 2 vols. Svo. all, 

Jefferie^' Anioblography, The Story oI ay Heart. Crown Sto. S«. 

Sallioli'a Path and Qonl. Sto. tSi. M. 

LoIie'B ^syB In Folltksl and Moral FhUHoph;. Sto. IOi. Sd. 

IdwlB on Anthcdtj In Hatters of Oplojon. Sto. I4i, 

IfMHliQ'a Bpnclia oDtiMtad b; Hlnwelt. Crown Sto, Si. M. 

Uaolaod'iloancaalokl Phllaophy. Yol. L Bra. lb. To). □. Parti, li 

Ifflt on Baprcemtatln OoTo-nmeiie. Crown Sto. Si. 
— on Liberty. Grown Sto. 1>. W. 



London, LONGMANS Sc CO. 



4 G-eneral LUta of New Worki. 

Mill's Aaftljsi^ul liUsi'Uiiiiuueu.Dl cue UmnuHliKl, 1 lula. Bto. 231. 

— xm»eru.uoiii wid L^aeionii, * TDta. 8TO. *«<, &t 

— Sua^on DDnttlMQiieetlDiiial FoUtlatScaDDDjf. Sro, ti. dt. 

— DiamlDBUcij oIUeiDUtoij'B PUIOeopby. 810. IKi. 

— Logic, RBttudnnUvesid IndnctdTB. 2 toIj, Bro. SBi. 

— BnbjKtlaD dI WomeD. Cnwii8TD.Bi. 

— OtCitBrianlnn. Bvo. Si. 

miller's (lira. Fenirick) Eeadinga in Social Econoiny. Crown Bvt». fit- 

UtUifr'B(Uu)CbIpab:oiziaOeniiu Worteljop. 4 vols. Bro. I«i. 

SnndnrB's iDatltDlis ot jDettnisD. nitli BDgUiib NoHS. Btd. Wt, 

aeebohm'B EigUsli Tillnge CoDimnnitj. 810. 16j, 

BeUi*HaldaBe'BPMlo»opliJ™l Hsuys. Bti).9i. 

fiwlnbime'i Plclnre Logio. Post Svo. b. 

TtunuDD'a OatliLeotliccffmy LsKssf Thought. Cnnrn Bm. <(. 

TocqveilUe's DoDDcracy In Ameilca. trsnelnted by Deeve. 1 T<d>. crown Svo. Ut. 

TwIiA Law of NbUdm In Time of Wu. Smmd Idltjon, Sto. 91i. 

■WhuMly'i BtoJEnta of Lt^c 8ro. llto. 64 Crown Bro. U. M. 

— — ~- Blwn>ilii. 8TO.10i.fliL Cronu Sto. It. M. 

— Xiglish BjinoujoiB!. Fcp. 8vo. Si. 

WmiBms-i Nlooni»cl,eiD Bthlcs of Ailitotla tranBtated. Crown Bto. Ji. M. 
ZoUert Histcti of Eclecticism in Greek Piiilosophy. Crown Sto. lOi. W. 

— I^'lKUiiLi.Li tbe Older ACBdem;. Orown Btd. IBi. 

— Pre-Soorallo SoSoota. 2 T0I9. orown Sto. BOj. 

— SocTftUfl ana Lbe Socratia Sobooia. Crown Bvo- IOl M. 

— SCoJq, BpJmraan^ and Sceptlca. GmwD Bvo. 10f, 

MISCELLANEOUS AND CRITICAL WORKS. 

AmoWa (Dr. TliomM) MlaMllanMina Worto. Bra. 7i. 61I. 

— (T.) Huiaal of EagUih LlteroCnre. Orown Bro. 71. (d. 
&s]D>EEnioIiotigiuidUuWUI. 9to. IC1. 

— Kanwl sua Moral Bdance. Crown Btq. 101, «4 

— BEnsSHnd the Intellect. Bro. Iti. 

BeKonafleld (Lord), The Wtt ana WlBdom of. Crown Bto. 3j. Id. 
Beober'B CImriela and Gallu; 0; UeHstis. PoaC Btd. Ii. Eil. chB, 
BlMklej'B Oenoau and Buglleh Diolioiiary. f ost Sto. It. M. 
Ooutuuma'i FraeUuHl Pnuoh b BnsUib Bictionur. Fggt Sto. Ti. M. 

— Pocket Fnmoli and Bngtiih Dlstlonarf. Squiin IBmD. 3i. SJ. 
Bkrrar'B Lan§riuge and lAngungw. Crown Bto. U. 

Fnmde'a Sbort BtodlH on Crest SntajiwM. i toU. orown Sto. Mj. 
Graut'B (Sir A.) Story of thi: Uniyoraitj of Edinbnrgh. 2 vols. Sto. Jbi. 
Hobart'fi Uedfcal Langitaffe oC Bt. Lake. Btd. 16f. 
Hnme'a Bea&fB, edited bf Grmn ji Oroee. 9 Tole. Sto. ISi. 

— Traillee on Hnman Nutors. edited by Oieen & Qm^ 1 TDb. Sto. 78a, 
L a tbaia 'H Hiuidboili of the English Langu^t^. Crawq Bvo. Bf. 

Uddell b Sqott'a Greek-BoBll*!! Uiloon. *to. SSi. 

— Abridged Oreeh-BngluhlfilcoD. aqmui llmo. Ti. 84. 
LaiiginAD> Fnckot Gomuio and BoffUBh iDlctlooBrr. IBmo. fii. 
Itaoanlay'i *"'™Uan™ns WrltingB. ItoIb. Btd. ill. I Tol, crown Bro. *■. M. 

— IdlgoeUeneont Writings, Bpeecbea, Lay* of Aoduit Bmm, Ac. 
Cabinrt Edition, * tdIb. crown Bvo. Mi. 

LoTiJou, LONGMANS fe CO. 



General Llitt of New Worki. 

UnllBS^I CloHilctl Draek IJtc»tiu«. Crown Svo. Vol. L lbs roets, It 

Vol. n. the Proee Writ™, 7i. ii. 
Umud'i Qmmiuftr of BltKotlon. Pep. Sto. Si. Id. 
HUaafb Otfoatry PleoEureB- Crovn Svo. Sj. 



Bogen'B EolipM of Faith. Pep, Bvo. »i. 

— Defenoe of tbeBdlpaeufFBllh Fop, Bed. 3i. eii. 

BCRsV> ThEaiorue of OsgUBb Words and Fhraaa, Cra«D gro. lOj. Gil. 

BalLoun'6(Lord) Scnpa, or McmoriM o( luj Eicllur DajE. i-VQl«. or. BvD. 18fc 

adecUoDB Iran tho WriHugB of Lord MstanlBy. Crown Bro. ti. 

amooi'e LHtin Llt£»tare. 3 vols. Sto. Sii. 

White b BJddle'B I^rge L&tln-EogUsh DlcrUoiuiry, 4to. !Ii. 

WUte'e OonolK LKtto.Bnglub Dlctdoniiry. Boy&l Svo. lii. 

— JoDloT Stodent'i lAC-Boe- sad EcB.-lAt. SktiaiuLr;. Sq. llmo. III. 

BoiBusMv J ^'^ EngUHh-Ifltln DicUonMy, Si. fid. 
"P™**" 1 The latJo-Bngliah DioUouary, li. td. 
WOun'e Etodira of Uodem Kind &c. 8vo. 12^ 
Wit and Wlidoraul Ehe&er. Sjdoey Bmlth, Crowa Bvo. 3i. fid. 
WitfB MjtliB of Senas, ImnslaJiod by F, M. Tounghosband. Crown Svo. 3i. li. 
Ycoiee^ BngUsb-Oreek Lexicon. Eqnan llhna. Si. M, *tc. 31i. 
Tie Bbbbji and OonCribotions of A. E. H. B. Crown Svo. 

A-atmnn Holidays of a Oonntty FaTBOn. 3i. CJ. 

Ohaaged AspsoB Dt Unchaoeed Trntlu. ii. td. 

Oommon-plaoe FhHoaophcr In Town oud Country, Bj. ^d. 

Ognagel and Comfort spcjien troin a City Pnlplt. 9(. Sd. 

CrlUcBl BsEsye of a Conntry Famin. li. td. 

OlavB Tliocgbtii of a Countzy Farson. Three Serlee, 3(. id. sach. 



wpaa, Charaherif and Moralitlos. 
Ldmre Bonn la Town, St.M. L«aon9 oT Ulddle Age. ti.td. 
On UCtle Ufa, Eteays Ckmaolatory and Homeetlo, 3h M. 
PnBDt-day Tbongh^ 3j, fid. 

BaawtlaaB of a Conntiy Parson. Three Series, 8(. M, wch, 
Eeoiide Uoaingson Snndayi snd Week-Dava. 3i. id, 
Snndsf Afler»oona in theVarlsh Chorcli of a University City. 3i. <ht. 

ASTRONOMY, METEOROLOGY, GEOGRAPHY, kc. 

Prseman's Historical OeogiiLphy of Enrope, S vols, avo. Sli. Bd. 

leracbsl's Ostllnia of Astronomy, Eqnare orown Bvo. 111. 

^elQi Jotmslon'B Qiclianiiry of Qensraphy, or Oenernl Gauttser. Bro, 4Ii. 

MerrlfleWs Tteatl.ie on NavJgQti™. Crown Svo. Ss. 

Nelnn'i Vork on the Uoon. UedlamBvo.Sli.Gd. 

Prootor^ Essays on Astronomy. Svo, 13i, Pcooior's Uoon, Crown B'O, IDt.M. 

— Largar Star AUni. Poliu, I6i. or Mapa only, 13i. Sd, 

— Kew Star Atlas. Crova Svo, fii. Oris Aronnd Da. Crom Svo. 7i. M, 

— Other Worlds tlian Ous. Crown Bvo. lOf. Bd, 

— Transits of Yenos, Svo. Si. ed. Studies of Vfrnu-Translts, Sto. Ii. 
SchBllen'B Spectrum Analysis, translated by J. Si C, LbsecU, Svo, SHi. 
amitb'B Air and Bain. Svo. 9U. 

TbaFablicSobocli Al^ot Anc^entOeograpby. ImpBial Bro. Ti, M. 



London, LOMOMANS & CO. 



Qeneral Lists of ITew Worki. 



AUon'B Flowers ix 



NATURAL HISTORY & POPULAR SCIENCE. 

■ Pailgroos. Crown Sto. Wo-ilciita. 'i. 6-1, 
amu ol PhfsloB or Hstntsl Pbaosopbf. Crown Sm. Ul Bit. 
Bimude'i IMctloDUT at Bcleuoe, Llteratnrt, uid Art, B vols. meiUaiD Sto, SHj. 
DeCbiaiw and Le Mwmt^ QenErBj ByHbat ot Botany. InLpvrJol Btd. 9lt- Gd- 
DlKm'B Bnr»l Bird Lite. Ctown 8to. lUuttrationa, 6i. 
BdmotidB'fl Klcment&ry Botmi^. Fop. Sfo. 2d. 
Bvaus'e Bronic Implements ol Great Bfitnln. Byo. Sdi. 
BdiiDrt EaosDlary TrE»cf« on PhyaicB, by AtMnaon. Large omwii Sto. ISi. 

— HstnisI PhUoaopb;, by AbUniua. Crown Sto. 7i, Sd. 
GKdarti'i BlemeDta 01 Uf^cbsnlBm. Crown Sto. Si. 

Giora^ Om^tiiOD ol Fhysicit FonH. Svo. Ui. 

Hnrtwlg^ Aerial Vorld. Sto. 1(U. Cd. Polar World. Sto. lOl. td. 

— S« and Its LlTlng Wondera. Svd. lOi. Bd. 

— Stibtenan(«ii World. Sto. Idi. M. Tropical World. Btd,1Di. U. 
HanglLtoa'a Blx Letiturea oa Fbyelcal Oeograpby. Sto. ISh 

Heec^ FdmiBTB] World of Swltierlaad. 3 Toli. Sto. ISi. 
Baljulialtii^LBctdresoDSdentidcEnbiwte. 2 vola. or. Bto. 7i. Sd. cadi. 
Epllali'a Lectora on tbo History ot Modem Music Sto. Si. Sd. 

— TranaUjon Period d( Mnalrs] BMor} . GTO.lCU.td. 
Kelkr'B Iflks DweUlngs o[ Switzerland, b; lee. a Tola, roysl Sio. Uj. 
Uofd'a TiwClae on Uaguetlam. Sto. lOi. ei[. 

Londoa'a Snoyolopffidia dT Plant*. Sto. 43i. 

LoHbock cm tb« Origin ot CiTiliBatlon * PrimitlTG Oordltlon ot Uac Sto. IBi 

Uaoallrtn^ Zoology and Motphology of Vertebrate *"<^*'* Sto, lOi. Sd, 

Nioola' Puzzle of Life. Cron-n Gtd. Si. Bd. 

Owea'H OotDpUHtlTB Anatomy bji^ Fbyaloloey of Uie Yertebnte Anlmalfl. > tola. 

— Biperljneutal Phyaioloey. Crown Bto. IU. 
Ptooiort Light Solenoo for Lelanro Houre. 3 Senw, crown Sto. Ti, 
BiTeTB'e Orohard Hooae. Blxteench Bdltjoa, Crown Sto. Hi, 

— Bobs Amatonr'B Guide. Fop, 
Stanley'B Vamlllar History of BrtUsli HIrda. Crown Sto. i 
Taxt-Booka of Science. Modianlcal and PbysicaL 
Aboey^ Photograpby, Sj. 6 J. 
Andfntu'a CBIr John) BOeogtb of Uatoiala, Sj, 
Armstrong's Organia Okemietry, M "' 

Barry'a Ballway ApidlHDCsa. Sj. (i. 
Batierman'B Byatematlc Mineralog; 

Olszebrook'B niyaEal C^cb, Si. 

Qore'a SlBotn^-UMalliasy, Si. 

QriffinV Alflebra and IMgonoznetry, Sj. Ai 



London, LONGUANa & CO. 



^own Sto. Sj. 

i. 

toiala, Si, Sd. ^^^^H ^H 

UeDsmtlcin, U M ^^^|^^| 
[OsMMudoiifcgtV. r^ 

na & CO. 



Qeaeral Liita of Hew Vorki. 

Teit-Bdota dC Science, Mu!h&Dlc&l fud Fhj^ml — amUBUrd. 
Ptowq b BlTewiit'bt^ Tfil^ftHiibj, Si. td, 
BnUey'a Btadf of Bocks, li. Si. 
Bhellej'B WorkEbctl Apl^uicea, 4i. Gd. 
Ttaomfi^ gtrsctanl and PIijiil(tlo(;ical Botany, ti. 

Thnpa Jl KntPa Qii^tBtlve AnAl}Hi9, Bi. Sd, 
nideoli OhBuiool FhUoaopb;, b. SiL 
muriS'i IbobiDB Safsn, 8i. 
VttanA nue and Si^d BtrmOry, U. td, 
TjlOtU'MVIattiDgiitttiirottheiiT. Crown Gio. Ti. Bd. 

— FrBBinonlK of Brfsnoa. t loli. i»at 8iro, 1(U. 

— HntaUodeof Uollon. down Sto. 111. 



— Hota of Le 

Voo Cott* on Boob!, by I^nreEoe. Foet Sto. U>. 
Vood'i Bible Animals. Willi 112 Vtguetta, Sto. lUj. ed. 

— OomraaD Eritlah Insetjts. Ciown Sto. is. M. 

— Homn WlQionl HsndB. Sro. lui. «d. Inanta Abroia. Bro. IDi. (U 

— lusecu at Home. Wltb TOO lllnitnUona. Sto. tU>. Bd, 
~- Ool ot Doon. Crown BtD. B*. 

— Stnnge DwellingB. Crown 8td. Sj. BuDb«ni Edition, 4to. td. 

CHEMISTRY AND PHYSIOLOGY. 
BadrtOD'BHCBltblntbFfTDase. L«tunsaiiEleniBotU7Fb}^olDgy. Ct. Bn 
Jago'j Inorganic Ctemistrj, Tbeoretical and Pmctical. Fcp. Sto. Si. 

MBbr'. lomiaia of ChoniiiBtrj, ThoorcOeal and pTBCtidal, « toIb. 8vo. Pi 

IPbi-BloB,iei. Port n. luorgiinio CtaanlBtry, Hi. part III. Oiguilc 



BeyaoUi^ Kiporlmental ChfirnXBtty. Pop. Sto. ; Part I. li. Bi PbH n, Ii. Cd 

TlMen'a Praotlcal Cbemlstry. Pop. ito. li. BA 

Watt**! DlcUoiuu? ol Clieniiatiy. 9 Toli. medimn Bro. £19. Si. M. 

THE FINE ARTS AND ILLUSTRATED EDITIONS. 

Ean^aka'a (Lad;) PlTS On?nt Faintera. 1 rolE. crown Sto. Itii, 

— HolBB on the BrtraGaUeiy, Milan. Ciown Svo. Sj>. 

— Noteaon thBuiuvrc &!dlBrr,PBria. Crown Sto. Jl. Bd. 
Holme'i Art-lnatrtjctlon in England. Top. Bto- 3i- 6d. 
JatDcaon'a Gaond and LogQidary Art. 6 toIs. Bqnare orowa Btd. 

l£Ksnd> of the Madonna. 1 yol. 111. 

— — — Monafltlc Orckin. 1 voL 21i. 

_ — _ Saint* and MartjTB. S Tola. Bli. M. 

— — — BaTlom'. Completed by Lady Baatlabs. 1 rc^ 4Ji. 
LODgmui'sTti[1cOBtlu?lFsl!Da]lcaIedto6t.Panl, Sqnaiecrowa8T0.91i. 
Wirtinlay'i Laji of Anolenl Rome, UlprtrBted by Bcliart Fop. tlo. lOi. Bi, 
~ ' hi-y sai llio Armada, lllocrated by Wceuelin. Ciown Bro. Bi, 



Moon*! Iriab Uelodla. With 1S1 Ftaife by D. UadiEC, RmA. Enper«oya]8Ts.lJ 

— Idlla Bookk, lilnsOated by Tennlel. Bqnara crown Bro. lOi. Btf. 
Naw TMtBDiBnt (The) illuftmled with Woodcnts alfw Fnlotinga by l;he Early 



London, LOHQMANS ft CO. 



Oenersl Lirti of New Worki. 



THE USEFUL ARTS, MANUFACTURES, kc. 



ie Ste&m EDglae. 7cp. Sro. 61 



vols. roJBl 8T0. Ml, (W. 



TntkUHcm the Sieaoi Bogliia. ' 
sy-i Britlah Havy, wltt many lUnBlrn 
□laij^s KucyalopBdia of OivU BDgiueering. 
^ ~ ■ ~ ~ ■ ~ " Al T^t^rapti J. Bvo. 16$, 

&itlBkA HoDinhDld Taste in FaiDltme, bo. Sqaan rariWD Sio. Ui. 

I'a Dsatill Informatioii for Bujuineari, S Tola, orown Sto. Hi. M 
MUli uid imiwoirk. 1 toL Sto. SJj. 
BwOet Bnoyolopffldin of ArchitaotDrs. 8to. Hi. fld. 
EmI'b UatallniK7, adapted by Orookxa aud BBtuig, 8 Tola. Sto. U. IBft 
Loadcm'B Hm^clopsdia ol Agriimltan. 8to. Sir. 

— GardEiUng. Sto. Sli. 
mtcbell's Uuuul of fruzUcnl AjaaTtng. 8td. Ill, Cd 
Nortlioalf B Lathn end Taming. Svo. IBi. 

Payan'i Indiutrlal Ohendstry Edited by B. H, PbdI, FhJ). Bro. 41i, 
I'sAitotPertainery. Fonrtli BdiUon. Bqnaie orown Sto. !1«. 
1£> TivatdBO on the Marino Steam Euglne, Sro. Sit. 
Ure^ DiotJonary of Arte, JU&niifactarta, b^ Uioa, 4 Tola, medlam Bto, 
a1 Muintn. By Omokes. Sto, all. 

RELIQIOUS AND MORAL WORKS. 

<Dth Oentory. StoIl: 



Abbay ft Orerton'i English Chorch in 
U'i (Bnv, Dt, Thomas) Ecrmoiii!. 
3p Jeremy Toylor^B 



fa by Biehop Hetsr, Hdlted.lff 



tba Bst. O. F. £doa. IDvol3.Sy< 
Bonlthetfa Oommentiiir on the SB Artl 
— Biatory of the Ghnroh of Bi 
Biay's Elementa of Morality. Fop. Svo, li. Hd. 
Browned (Bishop) Expoaltlou of the 89 ArUolo. Sto. ISi. 
CWrot'a Wite-» ManuaL Ciowa Svo. «i, 
dulit dut Ideal. Sto. Ss. m. 

loaUte stone. 8Ta,lIi. 
Ciowu 8to. «j. 
le Bible. Pint Bto, 7i. Bd. 
OmybeacaJiHDmDn'iLife and letters of St. Paul :— 

Utmiy Edition, with all the Original Cluatrationa, Ua^a, landicapai os 
Steel, WDodoiita, Ac. iTola. tto. l!i. 
iDtcmifdiiite E^Uou, with a SclsPtluD of Mnpe. Plata, and WoodaoW. 

Btodan^e Bdltiou, [Brlsed and condEiifled, with M Blmtntlau and Uapi. 

laUao. 2 Tola, Sto. Ki. 



ITOL. 

CielBhtini'a Hlatoiy ol the Papac; 
DavidsOD'^IIittodnstion to ttag St 
Edeiaheim'a IMe and Tlmea of Ji 



.utinB Ita lUlon 
ly of the New Tf 
IS the Messiah. 



lt.S-ro.^1, 



LoDdon. LONGMANS & CO. 



I 



Oeneral Liati of Hew Worki. 



-~ ActiqDltlcg of IetbeI, li 
BwiUd'! Christ and Hla TiniB, \ 

— Hiawrj Df iBtftti, tiEU! 
Qopel (TbejrorCIie Ninfleent' 
HopUlu's Christ Uie OonBolct. 
jDtn'i New Jbn and the : 



Bled t^ CarpeptET Si Soiith. E Tola. Sm. 79l. 
Century. (Cb SditloD. aT0.1D>.<d. 

Crown 8yo 



Restitution of bU Tbingt. Grown Sm. St. id. 
!^pca of G«DeBtB. Crown Svo. li, id. 

~ Past I. itB ProphedM of BalBUDi. 8yo. lOi. M, 

~~ — — FiHT n. tLe Book of JonBti. Std. Idl Gd. 

» Elitorfinl ind CrlUisl CotnraeuUiry on the Old TeelsDienl; wltli B 
New TrBDBlatlon. Vol. I. Gn\'tii, Sro. ISi, or Hdaptd lor theOener&l 
BCBder, ISi. TdL II. Bxodvi, ISi. or ndBptal for Ibe Oeuend BfBder, Ui. 
Vol m, ixviHaa, Part 1. 1«<. or edapled (or He General Res^r, gi, 
VoL IT. imWcm, Purt n. 16i. nt adapted ha tho Generm Header, Bi. 
Keajy*B Ontlina} of PrrmltiTe Belief. 8vo. IKt. 

I^n Oermanla : Bymna tranainl^ b; Ulee WfokwDrtb. Fcp. Svo. Bl, 
Manning's TfinporBl Mission of the Holy Ghost. Crown Bto. 81. fld. 
Hartliieaii'ibideGTDnra after theClmatlsn Lite. Crown gvo.Ti.fliI. 

— Hymna oC rrain and Frajv. Crown Sro. 0. 6d, B?tQ0.1f.6d. 

— Bsnoons, Honrsol Tbonghl on Escied Thtoga. StoIs, Jt. M.moh. 
IQU'i Thm Bnajia on RellglDD. BTO.lDi.fld. 

UoDHett'a Bpirltuol BongB for Bundaji and Bolldaya, Irep.8T0.Bf. l^lmo.lt, 
MttllBt'a (Mai) Origin Si Growth of Eeligion. Crown Bvo, 7j. Bd, 

— — Science ot Heliglon. Crown Std. Ti. fld. 
Hswnum'B Apologia pro Tlt4 Sul. Crown Btd. Bj. 
Semll'a (Ms) Pamlng Tbonglita do Keilgioa. Fop, Sro. Si, ed. 

— — rrepanUontortheHDl)' (^ommunltni. 3Smo. gi. 
Sejmonr'B Heljrew Paaller. Crown Bto. Si. Sd. 

Smith's TojHge snd StiiputEck ol St. Fanl. Crown Gto. 7i. ed. 
SDpaDinusl Beligloii. Compile Edition. S Tois. Sid. Sfli. 
Wh-ately'a I«biku on the OhristiaD ETldenoea. t8mo. fld. 
Wklte'B Foot QOBpels In Greek, with Oreck-EDgllab LexkoB. Simo. Bi. 

TRAVELS, VOYAGES, ic. 
Baker'a Btgbt Tears In Ceylon. Crovn 8to. Ti. Sd, 

— Klfie and HoDsd In Ceylon. Crown Sro. Ti, ad. 
BaQ's AJplne Guide. BToiB.pmi Sto. with Mape snd lUoetratioin 






[. Centml Alpi, : 
TrsTdliog, and on tt 
iblno and Btorm tn lb 



m. I 






inaemoCltoatlcaJlycc 



Lpndon, LONGMANS & CO. 



General Lixti of Kev Worki, 



u Clafa U&p of Bvitnrland. 



WORKS OF FICTION. 

Aiden. B7 i.. Mar; F. BobliuQii. 2 toU. cnywn Sto. Ui. 
Ant CBesar&nC Nihil. By Cba Ommtea Ton Bothmer. 3 rob. n«m Bro. 1 
BecaniB of tlie Angf Is. By M. Hope. 1 vols, oronn 8to. lai. 
Bnbcmnia'i (Lmj) Uli^ledj-PlgglDdy, Orawn Bra, 3i. U. 

— — Whispm trom litj Lud. Crown Bro. lU. M. 

OBMnelEdlllonnf Knrtls and Tales b; the Bui of BesEODitleld, X.a. IlTDlE. I 



Id Talea 



Orawn Sto- clotli bi 



Tt ae™ Hall. I A GlImpM of the World. 

DangtatiT. Kathsrlne Aibton. 

of LUe. LanetoD FuWDue. 

iTDrt. I MbtB"** PerdTj. TAndb 

b; the Barl of BesooniBeld. K-O-, Hnghendoi Bdmad, IriUl 1 

Steel and 11 TlKnettxaon Wood. II ToU. crown $70. 19. ti. 

tiimfa lilbrai?. Ssoh Work la ctdvb Bto. a HlB0a Vob 

MelL prtdo S* boBTds, orSi. ed, oloth:— 

By Major Wliyts-MelvDIo. 



ContBrlninaiiine. 

Alioy,IiIoD. &0. 

Tba YooDB Doke. &a. 

Tivlaa Ony, EadymSon. 
By Btet Harto. 

In the Carqnii 
By Mrs. OUphanL 






3 Woods. 



ThB Sli SLtHB of Ibi VallBTfc 



leBarlof Bescon»BoM.K.Q. Uoden 



lusdiold. By Leader So 



Whom Hatoru Lendeth. By G. ^ 



POETRY AND THE DRAMA. 



Bomller'i FwnCy Shatapeare. Medl 



jmettlcally tratialated. Bro. 1* 



Lonaon, L0HGMAN9 & CO. 



Oeueral Llsta of Hew Worki. 



Omtngton'B Aloald ot VlrgH, tnuialstad into Z: 

— PioH Trajislatlon of ViigU's Foeir 

QMtlie'B Fsast, CiBDilBtoi] by Birdi, Luge at 



with Iiry Bad tb 



Oualalad by Wsbl 
Bflital by aeiBs. C 

Ingdow^ Foems. N«w BdllioB. 

llManIiij'i Liyi of Anclecli Bome, 

~ le, Cheap BdiHon, Icp. Sfo. 

BoaUier's Poetioal Works, Medln 



RURAL SPORTS, HORSE AND CATTLE MANAGEMENT, Sec. 

I gtiot (Tlie), b]f Uarksman. Crown 8vo. lOi. id. 
nciwjgiBm'a Hoiks and Stablei. Sto. lOi. 6<t, 
riSDoLi'g Trwcbe on FiahlDg In hU iu Bcsaobeg. Fast Svo. lUi, 



It Sound. Imperial 8vo. 12>. B' 



I 



— FUli TihUbs oh I 

— BoDark] on HorseH' T«tlL F«b 8vo, 1j. 04 
>— StaUs »nd SttblB-Vit^QBfli Imperial 8vo. l£f. 

UUnei'i Ooimti; Pleainres, Cnwa Sro, Si. 
KbtUb'i Hongs uid Riding. Crown Svo. fli. 
Boaaldi^ nj-niher'B EutomoloKy. Bto. lU. 
8tMl'iIM«HaottbeOx,aMBiinsl0[BoTlDsFatlia1oin'- Std. lEi. 
Btondieiige'i Dog In Hsaltli and Dtsmn. aiaan Drawn ita, 7i. «<t 

— Onyhonnd. Sqoais orown Sro. llj. 
VUcockB'a Bea-^benasa. Foat Bto. 111. id, 
Tonatfa Work on tha Dog. Svo. fli. 
— — — — Hotsa. a™. Ti. Sd. 

WORKS OF UTILITY AND GENERAL INFORMATION. 

AiiEoB'B Modem CookiM? for FrlvnU Famlllee. Fcp. Bto. ii, Bd. 
BlBOlfi PncUoal TnaUse on Brewing. Bio. lOi. M. 
kton'i Food and Home Cookery, CrowD Bto. ii. Id. 

'fl Hintfl tc ATotLera on tbe Uanheement oT tbdi H^tb during tbe Period 01 
PngDuicy and in tbfl Lylng-ln RoonL. Fcp. Sto, 1j. Oil. 
lon-a Mj Home Farm. Crown Svo. 3.. fl J. 
OBrnpUOl-Walker"! Comol C«ri, oc How W Play at WUat. Tcp. Bto, 2j. M. 
iMn'atW.AJ.H.jFBteiitee-sUiinnal. Fouith Hdmon. 



LoDgman'B CbesB Opfloingi. 
iDod'B BleDisai 






ilgna 40. Act, 1883. Fop. 
FoQitli Bditloii. Crown Bra. ta. 



London, LONGMAl^a & CO. 



Oeaeral LUta of New Vorki. 



irOnUooh'I maiami} at Cammem and Coamurcl&l NnTlgBlIoD. Sto. ttt. 
IlHmds'e BlofrrapUcBl TrHsorj, i-'cp. %vo. ti. 

— Solaildfa uid Lltsrarr Tieaniry, Fdp. Sro, <i. 

— Treaaury o( BIblo EnDwIedge. odltol by Ayra. Fop, Bto. S*. 

— Irnamry of Botaay, edited by Lindlcy JUtoore. Two Para, lit 

— Treafiiiry of Qoo^rapby. Fcp. Sva 6f. 

— Tiwmuy of Knowledge aod Library of Ruforeacs. Fop. 810. (i. 

— TreAEory oC HatursI Hlitoiy. Fcp. 8ro. «i. 

Pnniiai'i OompiBhenBlve Speciaer ; Bafldlug-ARlflixn' Work, Orawn fro. (j. 

Palest Thaory of tbs Uodem BdeotUlc OaniB at WMat. Fop. Svn. If. M. 

Qiuin'i DLatloniuT of Jtcdlo^nc. Medium Bto. SIl 8d. or In a TOls. 34j. 

BMmf* Onokery uid Uoiuekeeplug. Ocowd 8to. Ji. Bd. 

8oDtt^ FHm TRlnar. Ocowa Sva. ii, 

emllb'i ^dbook for Hldwlvai. Ctena Sio. fii. 

na OkUnel Lawyor, ■ Popiilu Digat at Iba Idwi of Bnglnnd. F19. Sra. *f . 

TUloosArliadalUuiuns, byCroolDis. Svo. 3Ii. 

VUllob'i Fopalu Tablu. by Uuriott. Ctowd Svo. lOi, 

MUSICAL WORKS BY JOHN HULLAH, Lt-0. 

BoIlah'B Uotbod of Tea;:hlbg aiogliig. Crowa Svo. li. M. 

Bianlin ud Flgniaa is tlia suae. Grown Bto. 1>. sewed, or Ii. Id. limp iddtll fl 

or a ParU, W. Bueti Mwud, or 8d. eacli Uiap oloth. 
I,Bigi Sheeu, WDtalnlng Ibe ' Bieralsw and Viinuw In HollBta'i MoCliod,' j 

FItc Puoela of Blgbt'Slioets each, pijoe St. each. 
abmBuda ijixla, wUh iha loOeolal SylUblat, on [jirge Bbeet. li. M, 
Ovd of Otuamftiio SbiIBi Id, 
Qnmmarof Uuslcal HormoDy. &oyal8Ta.prLae St. nwedond ij.M, alotCi} I 

Xxugbea 10 QrvDiaiir of Uusfcal Hmrmooy. 1l 

GvuDiau of CoLUicarpoiut- Port L mper-myftE Bto. Ii- U. 

WUbam'i Uunul 0( BUtgiag. Part* I. A IL li. Sd. eirh oi togetluc, b. 

EsamlBSs and Flguna oaDUOasd la Para [. and II. of fflULem't Uuiut, BmI 

I. b II. nuti Sd. 
IuKOSh«u,Hoi.lCoB,DaalaliiliigUisPlgiiistio Put I. of WlUum'i lUou 

le a Faiul, «•. 
iMgO BtieeU. Km. SUM, ooaisininB Ihe Kicrdwi In Part I. ol Wtlbia' 

KiumU, la Foot ParooEs ttf Bight Noa. Eooh, per Farceli Sj. 
I«Bi BtaMta, H«. U to SI. oant^btng Ibe Flpin In Part Q. In ■ pBVil, >il 
Hyau m tlw Tsaag, M to Halo. Royal Bn. gd. mtni, otli,td, Oteth. 



A Short Tnktls 



London, LONQMAHa fe 00. 
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